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Abstract. In previous work, the authors have developed a geometric theory 
of fundamental strata to study connections on the projective line with irregular 
singularities of parahoric formal type. In this paper, the moduli space of 
connections that contain regular fundamental strata with fixed combinatorics 
at each singular point is constructed as a smooth Poisson reduction. The 
authors then explicitly compute the isomonodromy equations as an integrable 
system. This result generalizes work of Jimbo, Miwa, and Ueno to connections 
whose singularities have parahoric formal type. 



The study of transcendental solutions to differential equations has a long pedi- 
gree in mathematics. An important innovation in this field from the turn of the 
century was Schlesinger's observation that families of solutions to linear differential 
equations often satisfy interesting nonlinear equations. His work on monodromy- 
preserving deformations of Fuchsian differential equations produced a remarkable 
family of nonlinear differential equations which satisfy the Painleve property, namely, 
that the only movable singularities are simple poles [14] , 

For example, consider a family of regular singular differential equations on P 1 of 
the form 



where x\,...,x p gP 1 and Aj is a matrix valued holomorphic function in the coor- 
dinates X\, ... ,x p . A family of fundamental solutions to (II. ip has constant mon- 
odromy if and only if the A^s satisfy the Schlesinger equations: 



(See [131 IV. 1] for a contemporary exposition.) In general, we will refer to the dif- 
ferential equations satisfied by a family of linear differential equations with constant 
monodromy as isomonodromy equations. 

It took almost seventy years for progress to be made on the isomonodromy prob- 
lem for irregular singular differential equations. In 1981, Jimbo, Miwa, and Ueno 
characterized the isomonodromy equations for certain generic families of irregular 
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singular differential equations [9]. One explanation for the long delay is that the 
monodromy map for irregular singular point differential equations is significantly 
more complicated; it involves the asymptotic behavior of solutions along Stokes sec- 
tors at each singular point, so it is less explicitly topological than the monodromy 
map in the regular singular case. The proof of Jimbo, Miwa and Ueno required a 
much clearer geometric picture of the monodromy map. 

In this paper, we will think of linear differential equations in terms of mero- 
morphic connections V on a trivial vector bundle V on P 1 . After fixing a basis 
for V, we may write V = d + a, where d is the usual exterior derivative and a is 
an End(U)-valued meromorphic one-form. Roughly speaking, if one considers the 
moduli stack A4dr of meromorphic connections on P 1 , there is a formal Riemann- 
Hilbert map to the moduli stack A4b of irregular monodromy representations Q An 
explicit description of the irregular Riemann-Hilbert correspondence may be found 
in [TO]- 

If one can find a smooth family A4' that maps to A^dr, the Malgrange-Sibuya 
theorem |10j implies that the fibers of the monodromy map are a foliation of M' . In 
particular, the isomonodromy equations should correspond to an integrable distri- 
bution on M! . By an observation of Boalch p] Appendix], L C M! is a leaf of this 
foliation if and only if the family of connections corresponding to C is integrable, 
i.e., there exists a connection V on L x P 1 with the property that V^jxpi is a 
representative of the isomorphism class x £ A^dr- Throughout the paper, we will 
suppress the monodromy point of view in favor of this integrability condition. As an 
example, we describe the smooth family of framed connections A'Ijmu constructed 
by Boalch building on work of Jimbo, Miwa and Ueno. 

Fix a finite collection of points (xi)igj C P 1 and a vector of non-negative integers 
(^j)je/0 Points in A'Ijmu correspond to isomorphism classes of connections V = 
d + a, singular at Xi, with the following additional data: there is a collection of 
framings g t £ GL„(C) such that the Laurent expansion of Ad(<7i)a at xi has the 
form 

Ad( gi )a = (A r _ — + ...+ Ax -—-+Ao)—?—, 

\Z X% ) 1 z x% z x% 

where £ gl n (C) and the leading term A Ti is a regular diagonal matrix. The 
moduli space AJjmu is, in fact, smooth. The isomonodromy equations may be 
expressed in terms of a Pfaffian system involving terms Oi, which control the dy- 
namics of the framings, and terms Si, which are essentially the principal parts of 
the curvature of V [5] . 

In [2], the authors describe smooth moduli spaces of framed connections with 
arbitrary slope, generalizing a construction of [T]. The goal of this paper is to 
study isomonodromic deformations of such connections. The primary technical 
tool is a local invariant of meromorphic connections called the fundamental stratum, 
which plays the role of the leading term. A stratum is a triple (P,r,f3), consisting 
of a parahoric subgroup P C GL„(C[[z]]), a non- negative integer r, and a 'non- 
degenerate' linear functional on the r th graded piece associated to the canonical 
filtration on the Lie algebra of P. The relevant condition on connections which 



^Here, DR stands for the "DeRham" theory of meromorphic connections, and B stands for the 
"Bctti" theory of irregular monodromy representations. 

2 There is a slight simplification here: Jimbo, Miwa and Ueno and Boalch allow Xi to vary in 
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assures smoothness of the moduli space is that V must contain a 'regular' stratum. 
This approach is described in detail in Section [2] 

The primary motivation behind the introduction of fundamental strata into the 
study of connections comes from the geometric Langlands program, which in this 
case suggests an analogy between wildly ramified adelic representations of GL„ 
and irregular monodromy representations of rank n on P 1 (see [5]). The fundamen- 
tal stratum (alternatively, the minimal -ftT-type) was originally used as a tool for 
classifying wildly ramified representations of a reductive group over a p-adic field 
[5J, [T2] . Thus, one hopes that a dictionary between fundamental strata and families 
of monodromy representations will better illuminate the wild ramification case of 
the geometric Langlands correspondence. 

We conclude with a short overview of the results in this paper. Suppose that 
x = (xi)i£i C P 1 is a collection of singular points, P = {Pi)iei is a collection 
of uniform parahoric subgroups Pi C GL„(C[[z — Xi]]), and r = (rj)jgi is a vec- 
tor of non-negative integers. In Section [3j we give a construction of the moduli 
space A4(x, P,r) consisting of isomorphism classes of connections with compati- 
ble framings on P 1 that contain regular strata of the form (Pj,rj,/3j) at x^. By 
Proposition 13.141 and Theorem 13.151 A4(x, P,r) is a Poisson manifold; moreover, 
the symplectic leaves correspond to moduli spaces of connections with a fixed for- 
mal isomorphism class at each singular point. When all of the parahoric subgroups 
are maximal, i.e., Pi = GL„(C[[z — Xi]]), M.(x, P,r) = A^jmu- 

In Section [H we calculate the isomonodromy equations for connections corre- 
sponding to points of .M(x, P, r) (Theorem |4T2]). In this context, the framing data 
is given by a coset ?7\GL„(C), where U C GL„(C) is the unipotent subgroup de- 
termined by P. In particular, part of the isomonodromy data is a time dependent 
flow on an affine bundle over a partial flag manifold. Since U is trivial when P is 
a maximal parahoric subgroup, this phenomenon is absent in the isomonodromy 
equations of Jimbo, Miwa and Ueno. 

In Section O we explicitly show that the isomonodromy equations determine an 
integrable system on a principal GL n (C)-bundle over M(x 7 P,r), corresponding to 
the moduli space of framed connections with fixed global trivialization. The proof 
that the corresponding differential ideal is Pfaffian is left to the Appendix. Finally, 
in Section [51 we compute an explicit example of the isomonodromy equations in 
the case where Pi is an Iwahori subgroup and = 1 for all i. To the authors' 
knowledge, this is a completely new example of an integrable system on a Poisson 
manifold. 

2. Formal Types 

In this section, we review some results from the geometric theory of fundamental 
strata and recall how they may be used to associate formal types to irregular sin- 
gular connections. Let F = k((z)) be field of formal Laurent series with coefficients 
in a field fc in characteristic zero, and let o C F be the corresponding power series 
ring. Let V be an n-dimensional F vector space. A lattice chain £ = {L l }i £ z is 
a collection of o-lattices in V satisfying the following properties: L l D L l+1 , and 
zL l = L t+e with a fixed period e > 0. We say L is uniform if dim/j L l /L l+1 = n/e 
for all i] the lattice chain is complete if e = n. 
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Definition 2.1. A uniform parahoric subgroup P C GL(V) is the stabilizer of a 
uniform lattice chain £, i.e., P = {g G GL(V) \ gL l = D for all i}. The Lie algebra 
of P is the parahoric subalgebra <p C Ql(V) consisting of *p = {p G 0[(VO | pi 1 C 
L l for all i}. Note that *P is in fact an associative subalgebra of gi(V). An Iwahori 
subgroup / is the stabilizer of a complete lattice chain, and an Iwahori subalgebra 
3 is the Lie algebra of I. 

There are natural nitrations on P (resp. <$) by congruence subgroups (resp. 
ideals). For r G Z, define the *P-module <]3 r to consist of X G *J} such that XL 1 C 
L l+r for all i; it is an ideal of <P for r > and a fractional ideal otherwise. The 
congruence subgroup P r C P is then defined by P° = P and P r = I„ + *p r for 
r > 0. Note that these ideals are multiplicative, in the sense that <p r< p s = <p r + s . 
If we fix a form v G Q F j k of order — 1 , the pairing 

(2.1) (X,Y) V = RcsTr(XYv) 

identifies <p- r with (^ r+1 ) ± and (<p r+1 /<p s+1 ) v with qj-7<p- r . There are sim- 
ilar formulas for v of arbitrary order, for example, (ty r+1 ) ± = fp- r +( 1 + ord ( !y ) e . 
Throughout this section, we will assume for simplicity that ord(^) = — 1, but all 
definitions and results can be stated for other v. 

Definition 2.2. Let V be an F vector space, and let (P, r, (3) be a triple consisting 
of 

• P C GL(V) a uniform parahoric subgroup; 

• re Z> , with gcd(r, e) = 1; 

• j8 6 (qr/qr +1 ) v . 

After fixing ^ as above, we may identify f3 with a coset f3 v + < p~ r+1 C *}3~ r / < P~ r+1 . 
Thus, we may choose a representative f3 v G Cp~ r for /?. We say that (P,r,/3) is a 
uniform stratum if /3j, + cp _r+1 contains no nilpotent elements. 

In this paper, we are interested in strata that satisfy a 'graded' version of regular 
scmisimplicity. Fix a totally ramified field extension E/F of degree e, and let Oe 
be the corresponding integral domain. Let 

(2.2) T=(E x ) n/e cGL(V) 

be a maximal torus and let t = P"/ e C q\{V) be the corresponding Cartan subal- 
gebra. We denote the identity elements of the Wedderburn components of t by \j 7 
and we write T(o) (resp. t(o)) for {o E ) n / e C T (resp. o^/ e C t). Moreover, write t b 
for the /c-span of the Xj and P b for (t b ) x . 

Now, suppose that (P, r, /?) is a uniform stratum. There is a map dp tS : <p s /<p s + 1 — > 

^s-r/^s-r+l giycn by ^ + = ad (X)(/? Iy ) + 

Definition 2.3. We say that (P, r, /?) is a regular stratum centralized by T if it 
satisfies the following conditions: 

(1) T(o) G P; 

(2) ker^s) = t n <P S + <p s+1 for all s; 

(3) = z r ' (3f, + Cp 1 is a semi-simple element of the algebra ^p/^p 1 ; 

(4) when r = (and hence, ep = 1), the eigenvalues of yp are distinct modulo 
Z. 
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In fact, by [2j Theorem 3.6], £ induces a complete lattice chain on each Xj(V) 
(with period e). Write Ij for the corresponding Iwahori subgroup. It follows from 
[H Lemma 2.4] that it is the unique lattice chain Cj with C Ij. Moreover, if we 
fix a uniformizer zue for Oe, then zue^j = 3j- By [3j Proposition 1.18], we deduce 
that the matrix vjt = {vje, ■ ■ ■ , ^e) G t satisfies the property vot^ = ty'coT = s $ 1 . 

Recall the following proposition: 

Proposition 2.4 ( 2, Proposition 2.10]). Let (P,r,f3) be a regular stratum central- 
ized by T, and let /3„ G < P~ r &e a representative for j3. There is a morphism of 
i-modules 7r t : Ql(V) — > i satisfying the following properties: 

(1) 7r t restricts to the identity on t; 

(2) 7r t (^) C tf; 

(3) the kernel of the induced map 

iti : (i + y t - r )/vp e - r+1 ^t/(tn^- r+1 ) 

is given by the image of a,d(?p )(/3 u ) modulo ^3 r+1 ; 

(4) if yet and X e 9 l(V), then (y,X)„ = {y,ir t (X)) u ; 

(5) Zet 7f w : ->■ t/tn^ +1 &e i/ie induced map, and set W e = ker^)- 
Then, the induced map ad(/3„) : We — > Wi- r is an isomorphism. 

A connection on V is a fc-derivation V : — > V <8> tip/k- If T is a fc-derivation 
on F, we write V r for the composition of V with the inner derivation associated 
to r : V T (u) = i T (V(u)). In particular, let t v be the derivation with the property 
that i Tv (y) = 1. 

Definition 2.5. Let (P, r, /?) be a uniform stratum. When r > 1, we say that (V, V) 
contains (P,r,0) if V T „(L l ) C L l -' r and (V r „ - A,)(£ 4 ) C L ,; - r+1 for all i. When 
r = 0, and thus e = 1, we say that (V, V) contains (P, 0, /3) if (V T „ C 
for some lattice IS. 

Given a trivialization (f> : V — > F n , we write [V]^ for the matrix of V with respect 
to the standard basis of F n . By the Leibniz rule, V = d z + [V]^ where d z is the 
usual exterior fc-differential on F. The group GL„(P) acts transitively on the space 
of trivializations for F, and 

(2.3) [VU = 9 ■ M* ■■= Ad (a)NU ~ (dzg)g- 1 - 

If we have fixed a base trivialization, we will shorten [V] g <p to [V] 9 and [V]^ to [V]. 
In general, the left action g- on gi n (F) <S> Qp ^ k is called a gauge transformation, and 
we say that two matrices X, Y G fll n (P) (g> OL, fc are gauge equivalent if there exists 

,g G GL„(F) such that g • X = Y. Thus, if V and V are connections on V, and 
[V]<£ is gauge equivalent to [V]^, then (V, V) and (V, V) are isomorphic. 

Now, suppose that (P, r, /3) is a regular stratum in GL n (P) centralized by a torus 
T. We denote the pullback of P and /9 to GL(F) by P^ and ^ , respectively. 

Theorem 2.6. [2 Theorem 4.13] If (V, V) contains the stratum (P"V,/^), taen 
f/iere exists p € P 1 and a regular element A u G t n $)3 _r smc/i £/ia£ p • [V]^ = A v v . 
Furthermore, the orbit of A v v under P 1 -gauge transformations contains (A^+^i 1 )^. 

Remark 2.7. By [51 Lemma 4.4], the map *p~ r — > yi~ r /ty 1 intertwines the gauge 
and adjoint actions of P. This implies that the functional induced on fp r /*p r + 1 by 
A v coincides with (3. 
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We now define the "formal type" of a connection. 

Definition 2.8. Let A 6 s p v \{0}, and suppose that <p r+1 is the smallest congru- 
ence ideal contained in A- 1 . Let /3 be the restriction of A to ^p r /*p r+1 . We say that 
A is a formal type if it satisfies the following conditions: 

(1) the stratum (P, r, /?) is regular and centralized by T, and 

(2) any representative A v G *p _r for A lies in t + Cp 1 . 

The connection (V, V) has formal type A if there is a trivialization : V — > 
F n such that (V, V) contains the stratum (P^, r, /3^), and [V]^ is formally gauge 
equivalent to an element of (A v + ^ r )v by an element of P 1 . Finally, we say that 
two connections that contain regular strata are combinatorially equivalent if the 
strata have the same parahoric subgroup and slope. 

By [21 Corollary 4.16], any two connections with formal type A are formally 
isomorphic, and the formal type is independent of v. The converse is false, since 
any conjugate of A by the relative Weyl group of T is also a formal type for (V, V). 
However, fixing a stratum uniquely determines the formal type. For the rest of the 
section, we assume (without loss of generality) that P C GL„(o). 

Proposition 2.9. //V contains a regular stratum (P^, r, (3^), there exists a unique 
formal type A such that A\<$ r = j5 and [V]^ is gauge equivalent to an element of 
{A v + < p 1 )z/ by an element o/GL n (o). 

Proof. By Theorem 12.61 and Remark 12.71 (V, V) has a formal type A such that 
A\rpr = (3, and there exists pGF 1 such that p ■ [V]^ = A v v, where A v £ t H ( P _r . 
This formal type is unique, since [21 Lemma 3.16] implies that if [V]^ is gauge 
equivalent to A' u e t n ^ r and A' u \ Vr = (3, then A' v + ( p 1 = A v + qj 1 . □ 

Finally, throughout the paper we will need to consider a slight variation on the 
formal type. Choose a uniformizer we for E such that w e E = z; under a suitable 
embedding E g[„/ e (C), such a way that 

/0 1 ••• 0\ 



(2.4) w E 



'•• 1 

\z ••• 0/ 



We choose a basis for each \jV (and hence for V) such that njy is block diag- 
onal with these blocks. Using this basis, we define Ht = (He, ■ ■ ■ , He) £ *P 
as the block diagonal matrix with blocks given by the diagonal matrix He — 
diag(^-, s ^-, . . . , ^g- 2 ). Let H' T 6 to be the corresponding functional H' T (X) — 
Tt(H t X)\ z 2 q . 

Definition 2.10. Let (V", V) have formal type A. We define the normalized formal 
type of (V, V) to be A = A + H' T . 

Note that if e = 1, then A = A. 

Proposition 2.11. Suppose that (V,V) contains a regular stratum and has nor- 
malized formal type A. If A v 6 *p _r is a representative for A, then there exists 
p e P 1 such that p ■ [V]^ = A v v . 
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Proof. If r = (so e = 1), this is just Theorem 12. 6[ so assume that r > 1. 
Note that H' T e (t^) 1 -. Therefore, part 4 of Proposition 12.41 imply that Tr t (H T ) G 
Part 3 of the same proposition shows that there exists X € Cp r such that 
&d(X)A u G Ht Rcg^) + so there exists p £ P 1 such that p ■ [V]^ = A„z/ by 

Theorem l2.6l Moreover, exp(— X) ■ A v v £ {A v so there exists p' € P 1 such 

that p'exp(-X) ■ A v v = A v v. It follows that (exp(X)(p') _1 p) • [V]^ = A v v. □ 

Proposition 2.12. Any normalized formal type A is stabilized by T n P 1 . 

Proof. Since ad(*p 1 )Ht £ < P 1 , -P 1 stabilizes Hr+ty 1 - Moreover, the corresponding 
formal type A is stabilized by T. □ 

3. Moduli spaces of connections 

In this section, we will describe the moduli space of connections on P 1 (C) with 
compatible framings and fixed combinatorics at each singular point. 

First, we recall the construction of the moduli space of framed connections on 
P X (C) with fixed formal type at each singular point [2]. Throughout, / will be a 
finite indexing set and x = {xi]i^i a collection of distinct points in P 1 . We denote 
the completion of the function field of P 1 at Xi by F{ and the corresponding power 
series ring by cv 

Let V be a trivial rank n vector bundle on P , i.e., we have fixed a trivialization 
V = Opi . Accordingly, we may identify the space of all global trivializations of V 
with GL„(C). Note that a global trivialization determines a local trivialization of 
Vi := V 8>0 P i Fi, so there is a natural inclusion GL„(C) =-> GL n (Fj); moreover, the 
global sections of V generate a distinguished lattice Li C Vi. Suppose that V is a 
connection on V with the property that the induced connection on Vi has formal 
type Ai. We will assume without loss of generality that the associated torus Ti is 
contained in GL n (0j). Therefore, by [2j Proposition 4.14], Ai determines a unique 
stratum (Pj,r, /%) in GL n (Fi). We also set Wi = vuTf 

Throughout this section, U{ will denote the unipotent subgroup P/nGL„(C) with 
Lie algebra Ui = < P I 1 ngl n (C). For simplicity, we write Qi for the parahoric subalgebra 
gl n (0j); its radical is g| = tQ{. Note that Ui = + 0^) and Ui = tyj/g 1 - 

Definition 3.1. A compatible framing for V at Xi is a global trivialization g £ 
GL„(C) with the property that V contains the GL(T^)-stratum (Pf,r,f3f) defined 
above. We say that V is framed at Xi if there exists such a g. 

We now define the moduli space of connections with fixed formal type and a 
specified framing at each singular point. Set Ai — Aj|q$i. 

Definition 3.2. Let A4(A) be the the moduli space of isomorphism classes of 
triples (V, V, g), where 

• V is a meromorphic connection on the trivial bundle V with singularities 
at {xi}i£i; 

• g = {Uigi}i£i, with gi a compatible framing for V at Xf, 

• the formal type A\ of V at Xi satisfies A[ = Ai. 

The moduli space A4(A) is built out of "extended" coadjoint orbits M.(Ai) 
determined locally by each formal type Aj. In the following, let A be a formal type. 
We define 7r<p : g v — > *}3 V and mpi : g v — > (^P 1 ) v to be the restriction maps and 1 
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to be the orbit of A under the coadjoint action of P 1 . Also, when r = (so e = 1), 
we take (t b )' C fll„(C) v to be the set of functional of the form <p(X) = Tr(DX), 
where D £ t is a diagonal matrix with distinct eigenvalues modulo Z. 

Definition 3.3. When r > 0, define the extended orbit M(A) C (U\ GL„(C)) xg v 
to be 

M(A) = {(Ug,a) | tt^ (Ad*( 5 )(a)) G 1 )}. 

When r = 0, we define M(A) by 

M(A) = {(g,a) e GL n (C) x S [„(C) V | Ad* (g)a e (i b )'}. 

There is a natural action p of GL„(C) on A4(A) given by p(h)(Ug, a) — (Ugh , Ad* (7i)a). 

Note that when r = 0, A4(A) is independent of A. 

Proposition 3.4. [12, Proposition 5.10] The space Ai(A) is a symplectic manifold, 
and p is a Hamiltonian action. The moment map for p is given by p, p (Ug,a) = 
res(a), where res(a) = a\ g i hq. 

Remark 3.5. If cx v is any representative of a, then res(a) = Kes(a v v) . 

Theorem 3.6. [2, Theorem 5.4] The moduli space M(A) is the symplectic reduc- 
tion ofY\ ieI M(Ai) by the diagonal action o/GL„(C): 

M(A) £* (YlM(Ai)) //a GL n (C). 
iei 

Moreover, A4(A) is a symplectic manifold. 

Specifically, Tli £ i -M(Ai) is a symplectic manifold, and the diagonal action of 
GL ra (C) has moment map (J-gl,„ — J2i£i ies i- Thus, 

(llMiAi)) // GL n (C) = p G ljO)/GL n (C). 
iei 

In the remainder of this section, we describe a larger moduli space in which we 
fix only the combinatorics of (Vi, Vi) at Xi, and not the formal type. Again, it will 
be constructed as a reduction of the product of local pieces. 

First, we discuss these local pieces. If P is a uniform parahoric subgroup P 
with period e, r > is an integer such that (r, e) = 1, and T is a maximal torus 
such that T(o) c P, we let ( s p/«p r+1 ) 1 v cg be the set of 7 e (<p/ ( p r+1 ) v such that 
(P, r, 7|fpr/<p7-+i) is a regular stratum centralized by T. We also let A(P,r) be the 
subset of (^/ < p r+1 )y og consisting of normalized formal types. Note that A(P,r) 
is the subset of ( s p/ < p r+1 )J y cg consisting of X + Ht, where X is stabilized by the 
coadjoint action of T(o). We also define ( < p 1 / < p r+1 ) I v cg to be the projection of 

(W +1 ) r v c g onto (qjvqr+ijv. 

Definition 3.7. If r = 0, define M{P,r) = M(A) for any A. If r > 0, define 
M(P,r) c (C/\GL„(C)) x fl l„(o) v by 

M(P,r) = {(Ug,a)\^(Ad*(g)a) e (Wr +1 )« g l- 
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The space M{P, r) is a manifold; the argument is similar to the proof that Ai(A) 
is smooth given in [2]. 

If we set 23 = ^ 1 ( ( P/^+ 1 ) r v cg C (g/^ r+1 )\ then 

(3.1) V3 xuGL n (C)=M(P,r). 

The isomorphism is given by the map (v,g) ^ (Ug, Ad* (g~ 1 )v). Note that in the 
case r = 0, 23 = (fl/fl 1 )^ = (t b )' = -4(GL„(o), 0). 

Proposition 3.8. There is a smooth map T : M.(P, r) A(P, r) which assigns to 
(Ug,a) the unique normalized formal type in the P 1 -orbit of 7rtp(Ad(g)(a)). The 
fiber T~ 1 (A) is isomorphic to M.(A). 

Proof. Using the description of M (P, r) in (|3.ip , we will construct a smooth map 
( : 23 x GL„(C) — > A{P,r) and then show that it t/-equivariant. 

First, we show that (<p/ ( p r+1 ) r v cg A{P,r) x TnP i P 1 / P r+1 , where T n P 1 
acts on the right factor by left translation, and on the left factor by the coadjoint 
action. There is a natural map A(P,r) x TnP i P 1 / p r + 1 — j, (23/23 r+1 )^ eg given by 
(Y,p) h4 Ad*^" 1 )!^. The inverse map takes a regular functional 7 to the class 
of (A,p), where A is the unique normalized formal type in the P -orbit of A and 
A = Ad*(p) 7 . 

We now define £' : (23/23 r+1 )^ og -» -4(P, r) as the projection onto the left factor 
of A(P, r) Xy n pi P^ jP r ^\ this makes sense since the coadjoint action of P HP 1 on 
A(P,r) is trivial by Proposition ^. 121 In particular, it is clear that £' (Ad* (it)X) = 
X for any u £ U. It follows that the map Ci v i9) = C{ 7rs $( v )) is P-equivariant, 
where U acts trivially on A(P,r). We define T to be the map induced by £ on 
9JXtfGL„(C). _ 

Finally, we see that A4(A) embeds into r _1 (A) by comparing Definitions 13.31 
and EH1 Moreover, if (Ug,a) G r _1 (A), then TTqji (Ad*(s)(a)) <E O 1 . Therefore, 

M(A) = r-^A). 

□ 

Before proceeding, we need to recall some facts about Poisson reduction. Recall 
that if a Lie group G acts on a Poisson manifold M via a canonical Poisson action, 
then there is a corresponding moment map \xm : M — > g v . The following result 
appears in jll) . 

Proposition 3.9 Examples 3.B, 3.F]). Let M be a Poisson manifold, and 

suppose that G is a linear algebraic group with a free canonical Poisson action on 
M. If is a regular value for fj,M> then the Poisson structure on M induces a 

Poisson structure on M //q G = /i _1 (0)/G called the Poisson reduction of M . If 
the symplectic leaves of M intersect the G-orbits cleanly (in the terminology of O 
11.25, p. 180] j, then the symplectic leaves of M //qG are the connected components 
of the symplectic reductions of those symplectic leaves of M that intersect /x _1 (0). 

Lemma 3.10. The variety (23 1 /23 r+1 )^ eg is naturally a Poisson manifold. 

Proof. Observe that ( < p 1 /23 r+1 )^ cg consists of those elements X E (<p 1 / < p r+1 ) v 
such that (P, r, -X"|<p<-) is a regular stratum. Under the isomorphism (*p 1 J Ap r+1 ) v = 
qj-r/fp induced by the pairing (|2.1|) . we see that this is an open condition on the 
closed subvariety Z = (tn 23"' r + 23- r+1 )/23. By part g]) of Proposition El and 
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using the notation in part ([5]) of the same proposition, Z corresponds to the set 
of functionals X with the property X\w r = 0. Since [Cp 1 ,W r ] C *p r+1 , and the 
Poisson bracket restricted to linear functions on ( s p 1 / s p r+1 ) v is just the usual Lie 
bracket on < p 1 /*p r+1 , this implies that the ideal generated by W r is a Poisson ideal. 
It follows that Z = (<p 1 /*P r + 1 )v g C pp 1 /<p r+1 ) v is a Poisson space, and therefore 
( < P 1 /<P r+1 ) r v og is Poisson. □ 

Proposition 3.11. The manifold Ad{P,r) has a Poisson structure. When r > 1, 
the manifold Ad{P,r) is isomorphic to a Poisson reduction: 

M(P,r) - (( ( p 1 /r +1 ), V es x T* GL„(C)) // £/. 

T/ie symplectic leaves of Ad(P,r) are the fibers of the map T. 

Proof. In the case r = 0, Ad(P,r) = _M(A) by the remark following Definition 13.71 
Therefore, Ad(P,r) is in fact symplectic. 

We now suppose that r > 1. The space (*PV*P r+1 )^ g x T* GL n (C)) is a Poisson 
manifold using the Poisson structure of Lemma 13.101 on the first factor and the 
usual symplectic structure of a cotangent bundle on the second. 

The group U acts on ( ( p 1 / ( P r+1 )re g and T* GL„(C) via the coadjoint action and 
the free action induced by left multiplication on GL„(C) respectively; these actions 
are canonical Poisson. 

The moment map of the diagonal action is given by 

(3.2) Jx{Y, (g, X)) = - Ad*(g)(X)\ u + Y\ u . 

It is clear that jl is a submersion. 

If p,{Y, (g,X)) = 0, then Ad*(g)(X)\ u = Y\ u . Therefore, we may glue Ad*(g)(X) 
and Y together to obtain a functional tpy,x & (fl/^P r+1 ) v ; n °t e that *Py,x £ 23 if 
and only if Y 6 /^ r+1 Y reg Using the description of M{P,r) in line (HU), we 
define a map p : /i _1 (0) — > M(P, r) by 

(Y, (g,X j) i ^ (W,x,fl) G (fl/r +1 ) V x p GL„(C). 

The map is surjective, and the fibers of p are [/-orbits. 

The symplectic leaves of /^ r+1 ) y reg x T* GL„(C) are given by x T* GL„(C), 
where is any coadjoint orbit in (ty 1 / s P r+1 )X 3g - It is obvious that the /7-orbits 
intersect the leaves cleanly. It now follows from Definition 13.31 and the fact that the 
M.(A) are connected that the symplectic leaves of M(P, r) are given by Ad (A) for 
A a formal type corresponding to P and r. 

□ 

Lemma 3.12. The GL n (C)- action on M(P, r) defined by h(Ug, a) = {Ugh' 1 , Ad* (h)(a)) 
is free canonical Poisson with submersive moment map ^,{Ug,a) = res(a). 

Proof. By [31 Lemma 5.12], this action restricts to a free action on each symplectic 
leaf Ad (A). To see that it is canonical Poisson, first observe that the GL„ (en- 
action on (<P7<P r+1 )V e? x T* GL n (C) given by h ■ (Y, (g,X)) = (Y, gh.-\ Ad*(h)X) 
is canonical Poisson with moment map (Y, (g,X)) t-> X. Since it commutes with 
the action of U , it induces a canonical Poisson action on the Poisson reduction with 
moment map given by the same formula. It is easy to check that this action corre- 
sponds to the given action on Ad(P, r) under the isomorphism of Proposition 13. Ill 
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Since (Y,(g,X)) corresponds to (^Y,x,g) and ves(ipY l x) — X, we obtain the de- 
sired expression for the moment map. Finally, by Lemma 5.11], /i is even a 
submersion when restricted to any symplectic leaf. □ 

We are now ready to construct the moduli space of framed connections on P 1 (C) 
with fixed combinatorics. Recall that x is a finite set of points in P 1 (C) indexed by 
/. Let P = {Pi}i£i be a collection of uniform parahoric subgroups with periods 
such that Pi £ GL„(0i), and let r = (r^gj with r; > and gcd(ri,ei) = 1. Also, 
fix maximal tori Ti such that Ti(o) C Pj. 

It is immediate from Lemma l3 . 1 2 I that the diagonal action of GL„(C) on Yl ieI M(Pi, J"j) 
is free canonical Poisson and that its moment map y, = ^2 ieI res^ is a submersion. 

Definition 3.13. Define Al(x, P,r) as the Poisson reduction 

A4(x,P,r) =Y[M(P u ri) // GL„(C). 

iei 

We also set A4(x,P,r) = ^(0) and _4(x,P,r) = ]J ieI A{P U n). 

Proposition 3.14. There is a smooth map T : A4(x, P,r) — > _4(x, P,r) which 
assigns a normalized formal type A4 to V at each pole x, L . The fiber I 1-1 (A) is 
isomorphic to A4(A), and the symplectic leaves o/A4(x, P,r) are the connected 
components of these fibers. 

Proof. Since the maps : A4(Pi,ri) — > A(Pi,ri) are GL„ (C)-equivariant (where 
GL„(C) acts trivially on A{Pi 1 r i )), Y\ ieI Ti induces the desired map F. The state- 
ment about the fibers of T follows from Proposition 13.81 and the construction of 
A^A) in Theorem l3.6l Finally, the symplectic leaves of Yii A / l(Pj, ri) are given by 
Y[i M(Ai), and they intersect the GL n (C)-orbits cleanly. By Proposition 13. 9[ the 
symplectic leaves of A / l(x, P,r) are the connected components of A4(A). □ 

Theorem 3.15. The Poisson manifold A4(x, P,r) is isomorphic to the moduli 
space of isomorphism classes of triples (V,V,g), where (F,V,g) satisfies the first 
two conditions of Definition \3.2\ and (Vi, Vi) contains a regular stratum of the 
form (Pi,ri,f3). The manifold .M(x, P,r) is isomorphic to the moduli space of 
isomorphism classes (V,V,g) satisfying the conditions above, with a fixed global 
trivialization (f>. 

Proof. By Proposition ^. 9[ we may associate a unique formal type A to every formal 
connection that contains a regular stratum (P, r, (3). Therefore, if (V, V, g) satisfies 
the conditions above, there is a unique element A £ A(Pi,ri) given by the formal 
type of (V, V, g) at each singular point. In particular, by Theorem 13.61 (V, V, g) 
corresponds to a unique point in A^A). However, by Proposition 13.141 A4(A) = 
T _1 (A). On the other hand, every point p £ A4(x, P,r) corresponds to a unique 
connection with formal type T(p). 

Now, suppose q = (Uigi,ai)i & i £ A4(x, P,r). Fix a global form v £ fl^ x . By 
(|2.ip . we may associate to on a unique meromorphic form on v v with coefficients in 
gl n (Fi). Since fj,(q) = 0, J2 ieI Res^a^f) = 0. It follows that q determines a global 
form ais, and thus a global meromorphic connection V = d + av on the trivial rank 
n vector bundle over P 1 . It is easily checked that this gives a bijection between 
points in A4(x, P, r) and triples (V, V, g). 
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□ 

4. INTEGRABLE DEFORMATIONS 

Let X = P 1 (C), and let V be an n— dimensional trivial vector bundle on X. In 
this section, we will consider the deformations of a connection (V, V) which contains 
a regular stratum at each singularity. 

4.1. Formal Deformations. Without loss of generality, take x\ = and fix a 

parameter z at 0. We will suppress the subscripts on (Pi, ri, Pi), etc. when we work 
locally at 0. Let F be the field of Laurent series at and ocf the ring of power 
series. Define V to be the formal completion of V at 0, and let V be the induced 
formal connection. 

Now, let D = Spec(o), and fix a standard parahoric P and an integer r with 
gcd(r, e) = 1. We also fix a torus T, with T(o) C P, as in (|2.2I) . Let A be an analytic 
polydisk; we denote its ring of functions by R. A formal flat deformation is a flat, 
meromorphic connection (V", V) on D x A satisfying the following properties: 

• the vector bundle V is isomorphic to the trivial rank n vector bundle, and 

• the restriction of V to D x {y}, denoted by V y , contains a regular stratum 
{P v ,r,0y). 

Fix a trivialization <f> of V so that we may identify all other trivializations with 
elements of GL„(o ® R). We say that the deformation (V", V) is framed if there 
exists a trivialization g G GL„(i?) with the property that P y = P g ^\ (3 y = (3 9 ^ v \ 
and the regular stratum (P y ,r,/3 y ) is centralized by T y ;= T g ( y \ In particular, 
any representative (P y ) v £ ty y r for j3 y lies in t y + < # y r+1 by [2j Remark 3.5] (with 
ord(» = -1). 

We denote «£ A = <£ £ <g> R, ^ = ^J^ 1 , and t A = i®R. We define P A and 
Ta similarly. Suppose that (V , V) is framed by g, and fix a nonzero one-form at 
0. If v = u^f, write = u. Let A(y) be the formal type of V at y. Using the 
pairing in ([2.1[) . we may choose a representative for A(y) of the form 

A v {y) = (—t^ r (y)w^ r + ...-{ -t-i^TOy 1 + t (y)) — , 

n n zv 

with G t A . For example, Ad± = (^t^ r (y)m T r + ... + =^t-i(y)w^ 1 +t (y)). 

Recall that any element of t can be written as a Laurent series t = X^-at tj^r 

with U £ t . We define an endomorphism S e of t via 5 e (t) = Y^L-n e^ iV7 T- 

Lemma 4.1. Suppose t £ t A . Then, zd z t — [t, Ht] — S e t. Moreover, any solution 
B £ fi A ((t + to the differential equation zd z B - [B, H T ] = S e t + t + s $< 1 

has the form B = t + / + ffi , where f £ t A . There is no solution when t > anrf 
to ^ 0. 

Proof. Since the equations are block diagonal in t, we may immediately reduce to 
the case where T = E y . A direct calculation shows that zd z w l T — [wt,He\ = 
\tjj 1 t — 5 e (w l T ). This proves the first statement. The second follows by applying 
the same calculation to each term of B up to zuj.. Note that zd z w^ — [Wy, He] = 0, 
so there is no solution when to ^ 0. □ 

As in the previous section, we will let p ■ [V] s denote the d z part of the gauge 
transformation formula: p ■ [V] s = Ad(g)([V] g ) — We will use d A and d 
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to denote the exterior differential on A and P 1 x A, respectively. Suppose that A v 
is the normalized formal type associated to A v . By Proposition 12. 11[ there exists 
an element p G Pa such that 

P(v) ■ fty]g = A„{y)v. 
Let <1a be the exterior differential on A. Define 

-l 

i— — r 

so that d&Adz_ = S c Aa + d^to- 

Proposition 4.2. Let p be as above. Then, p ■ [V] 9 — (dAp)p~ 1 — A v v + Aa + f , 
where f G f& A (t^) is closed. Moreover, to(y) must be constant. Conversely, if q G 
GL„(_F ® R) , f is closed, and to(y) is constant, then [V'] = q^ 1 ■ (^A^is + Aa + fj + 
q~ 1 (dAq) determines a flat meromorphic connection V' on V. 

Remark 4.3. The case e = 1 is proved in the Appendix of [1]. 

Proof. Note that the connection determined by p ■ [V] fl — (c?ap)p is flat, since V 
is fiat and —{dAp)p is simply the c?a part of the gauge transformation formula. 
Conversely, if the connection determined by A v v + A a + f is flat, then V' is flat 
by the same argument. 

Without loss of generality, set v = It suffices to show that whenever [V] = 
Adz — + B for some B G Q,\(gl n (F)), then V is flat if and only if B has the form 
A a + f ■ We observe that V is flat if and only if it satisfies the conditions 

(4.1) dA(AM)-zd z B + [B,AM+H T ]=Q 

(4.2) and d A B + B A B = 0. 

If B = Aa + /, (|4~2|) holds trivially while (|4~T|) follows from the first part of 
Lemma |4~T1 so V is flat. 

We now prove the converse. If r = 0, then e = 1 and Ht = 0. In this case, we 
may take Adz = to(y) to be a regular diagonal matrix with entries in R; moreover, 

no two eigenvalues of Adz differ by an integer. Setting B = J] B^z with Bg G 
jj[„(C), (|4.2[) reduces to [£^,yld*] = when £ ^ 0. The eigenvalue condition 
now implies that -Bf = 0. whenever £ ^ 0, by the condition on the eigenvalues of 
Adz. On the other hand, [-Bo, ^4^] = — d A (Aci»). Since the right hand side is a 
diagonal matrix, both sides must be identically 0. It follows that dA(Adz) = and 

B G £l A (t b ) while the fact that B is closed follows from (|4.2j) . 

We now consider the case r > 1. In the following, let to(y) be the constant 
term of Adz . Suppose, by induction, that B 6 A A + f + Sl^(t b + (Note that 

B G f^C^) for some L < —r, so the first inductive step is trivially satisfied for 
£ = L). Applying the first part of Lemma T4 . 1 1 with t = A A gives 

d A (Ad±) + [B, H T ] - zd z B G d A t a + Oi(^). 

We deduce from gUJ) that [B, Adz] G d A i + ^a(^)- 

When I < 1, d A io G A (^)" This implies that [£?, G fi A CP*), so B e 
fi A (t + *P^ +r ). Next, consider £ = 1. By the £ = step, we know that B G f* A (t + 
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<P r )- Part (3) of Proposition El shows that [B, Adz] + ^aCP 1 ) G ker(7f t <g) I n i ). 
Since dA^o G f2^(t b ), part (1) of the same proposition gives d A t G ^^(^J 1 ). Since 
t b n^ 1 = {0}, we see that d A to — 0. Thus, we may conclude that the inductive 
hypothesis implies that [5,^4^] 6 for I > 1 as well. As before, B G 

n A (t + ^ +r ) cfii(t+^ +1 )." 

To complete the inductive step, we apply the second part of Lemma l4.1l to obtain 
B e A A + fi A (t b + Using the fact that the sum t b + % l is direct for £>1, 

we actually obtain / G £l 1 A (i 1 ') such that B G A A + f + ft A 0P*) for all I. The result 
now follows since f)» ty 1 = 0. 

□ 

Definition 4.4. We say that a compatible framing g for V is good if there exists 
p G P A such that p ■ [V] g — {d A p)p~ 1 — A v v + A A . 

Proposition 4.5. Every framed flat deformation has a good compatible framing. 

Proof. If g is a compatible framing, there exists p G P such that p ■ QV] 9 ) — 
(^AP)p" 1 = (Ad*. + H T )^f + A A + f by Proposition H2I Since / is closed on A, it 
is exact. Choosing ip G v A such that / = d A (p, we obtain 

dz 

Ad(e v ) (p • ([V] 9 ) - d A {jp)p- 1 ) - d AV = (Am + H T )— + A A . 
It follows that e v g is a good compatible framing. □ 
4.2. Global Deformations. 

Definition 4.6. A framed global deformation is a triple (g, V, V) consisting of: 

(1) a trivializable rank n vector bundle V onF 1 x A; 

(2) an i?-relative connection V; 

(3) a collection of analytic framings g = (gi)iei, <?; : A — > Ui\ GL„(C); 

(4) the restriction of (V", V) to P 1 x {y} must lie in A4(x, P, r) with compatible 
framing g(y). 

We say that a framed deformation is integrable if there exists a total flat connection 
V on P 1 x A with P 1 part V. 

We note that (g, V, V) determines a smooth map A — > A^(x, P, r). Specifically, 
there are maps gi(y) and oii(y) such that the connection on the fiber above y 
corresponds to the point (U i g i (y),a i (y)) ie i G A / I(x, P,r) . 

Suppose that (g, V, V) is an integrable framed global deformation. If we fix 
a trivialization for V, we may write [V] = olv + T, where T is a section of 
f2^y C (End(V')) with poles along {x{\. The curvature of V is given by 

S(a, T) = d(av + T) + TAw + af AT + TATg 0^ xF i. 

Thus, V is flat if and only if the following hold: 

(4.3) r„T = d A a + [T, a] and = d A T + T A T. 

An integrable deformation (g, V, V) determines a flat formal deformation (Vi, Vj) 
at each singular point. Therefore, if Ai(y) is the normalized formal type of (Vi, Vi) 
at y G A, Proposition 14.51 implies that there exists pi G P} such that pi<?i ■ [V] — 
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Ad(p l )(d A g,g l x ) - {d A p t )p t 1 = A ifV v + A i>A . Since p t 1 d A p l G ^aCP 1 ) by [2j 
Lemma 4.4], we deduce 

(4.4) T E Ad{g^p^)A lA +g^d A9l + fi A ((<#) ff *)- 

Set r e = (r^)i e j := (f^l)ie/, where [j 1 ] is the integer ceiling of j-. Let D r be 
the divisor J2iei r 'A x i\ on ^ ■ 

Definition 4.7. Let gt nP i denote the trivial g[„-bundle on P 1 , and let fl^pi = 
gl nP i(D r ) be the sheaf corresponding to the divisor D T 

Note that sections of 0[ r t,i have poles of order at most r[ at Xi. 

Fix a set of parameters (zi)i£i at each singular point x\ with the property that 
each Zi has a pole at a fixed point xq. Define a C-linear map <f>i : fjl n (-Fj) — > g! n (C) 
by (f>i(X) — Kes Xi (X Thus, (pi extracts the constant term of X at X{ with 
respect to Zi. This induces a map <pi : Ql n (Fi)/ty} — > 0[„(C)/Uj. 

Next, we define a map ? which assigns a global section of fll^pi to a collection 

of principal parts at x. Given Xi S ri /g^, let Xi E ff (P 1 ;flI r p 1 ) be the section 
corresponding to the unique lift of Xi to g[ n (z i ~ 1 C[z l ~ 1 ]). 

Definition 4.8. The map ? : rLe/S^/fl* ~> #°( Fl ;0&) is given by 

(4.5) = 

We will usually write X° for ?((Xi)j e j). 

Remark 4.9. This map commute with the adjoint action of GL„(C), i.e., Ad(g)(X°) = 

(Ad(g)X) for any g E GL„(C). Indeed, Ad(g)(X, t ) = Ad(g)JQ for each i since 
Ad(<?) stabilizes cj[ n (2~ 1 C[z i _1 ]). 

We are now ready to describe a system of differential equations satisfied by an 
integrable deformation. Let (V, V) be a deformation of (V, V) as in Definition 14.61 
corresponding to a map {gi(y),cti{y))iex from A to .M(x, P,r). 

Fix a uniformizer zq at xq- 

Lemma 4.10. If T' /ias principal part Tj at eac/i and is holomorphic elsewhere, 
then V - T° = T'U =0 . 

Proof. Since T' and T° have the same principal parts at each singular point, T' — 
T° = X 6 f2 A (g[ n (C)). By construction, T° and T' are holomorphic at xq, and 
T°|* =o = 0. Therefore, X = T'| Zo=0 . □ 

Lemma 4.11. Given T E il^(_ff°(P 1 ; flTpi)), define Tj = T + rj^. ^4ny integrable 
framed deformation V is GL n (R)-gauge equivalent to a deformation uv + T satis- 
fying T = ^((T^e/). 

Proo/. Suppose that [V] = a'v + V. Then, T' - (T')° = X E fl A (gl n (C)) by 
Lemma 14.101 Since the image of is closed under conjugating by GL n (i?), it 
suffices to show that there exists g E GL„(i?) such that T := Ad(g)T' — (d A g)g~ 1 — 
Ad( 5 )(T')°. 

The system of differential equations g 1 (d A g) = X has a solution if d A X + X A 
X = 0. To sec this, recall that d A X = d A T'| Zo=0 . By flatness, d A T' + T' A T' = 0, 
so d A X + X A X = (d A T + V A T')U=o = 0. □ 
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Now, suppose that (g, V, V) is a deformation. Choose pi G P A such that pi-av — 
A^v, and write gi = Pigi- Let = Ad(g~ 1 )Ai a + Q A (Qi), with corresponding 
global section T° G ^(^(P 1 ; fl £" pl )). 

Theorem 4.12. yl good framed deformation (g, V) zs integrable if and only if 
it is GL„(i?) -gauge- equivalent to a deformation satisfying the following equations: 

(1) l (Ad(p,r 1 )(^, A ) + (d A g t )g^) e ^(Ad( 5l )T°) + ft A (m); 

(2) d A a G t„T° + [a, T°] + tt A (fO; and 

(3) dT° + T° A T° = 0. 

Proof. Suppose that (g, V, V) is integrable. By Lemma T4. Ill there exists a gauge 
.9 G GL„(i?) such that [V] 9 = av + T with T = T°. By Proposition |4~2I 

(4-6) T G Ad(5rV*,A + 9^d A gi + WIa) 9 *- 

Therefore, condition (JTJ) is satisfied by applying Ad(gi) and <pi. Moreover, av + T 
is flat, so conditions ([2]) and <j3j> follow from (|4.3p . 

To see the converse, note that condition ([l} shows that T° satisfies (I4.6p . Con- 
dition ([2j implies that the cross-term of the curvature of av + T° is zero modulo 
QilTv- Writing this term as ^2fjdyj, where the dyj's are a basis for fi A , we see 
that fj G H°(P 1 ; fij^) = {0}. Since the term in f2 A vanishes by condition ([3]), we 
see that the curvature vanishes. 

□ 

Corollary 4.13. A good framed deformation (g, V, V) is integrable if and only if 
there exists g G GL„(i?) swc/i that 

(1) <MAd(< 7i )(<r 1 d A 5 + T )) G <MAd(p- V A , + (d^gi 1 ) + ni(Ui); 

(2) dAaGrvTO + ^TO+^dASl + niCflJ^); and 

(3) dA(T +.a- 1 d A .g) + (T + 5 - 1 dA3)A(T +.g- 1 d A3 ) -0. 

Proof. Set [V] = + Y and choose g € GL„(i?) such that [V] s = a'v + T' with 
T' = (T')°. The proof above shows that (g',a',T') satisfy the conditions in the 
theorem. One obtains the equations in the corollary by substituting T' = Ad(g)T°, 
a' = Ad(g)(a;), and g[ = g%g . The converse is proved similarly. □ 

Remark 4.14. It will be shown later in Theorem 15.71 that the third condition in 
these two results is unnecessary. 

5. Integrability 

In this section we show that the equations from Corollary 14.131 determine a 
Frobenius integrable system on A4(x, P, r). Throughout, we will fix a global mero- 
morphic one- form v on P 1 (C). 

5.1. The Differential Ideal. We will construct a differential ideal Zgl„ on A / ((x, P, r) 
corresponding to the system of differential equations in Corollary 14.131 Through- 
out, we will simplify notation by suppressing x, P, and r in the notation and using 
d for the exterior differential on all spaces whenever there is no risk of ambiguity. 
We will also write M t = M(Pi,ri) and Ai = A(Pi,n). 
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Set i\ = U n and T/ = X t n P/. First, we define maps f\ : X ->■ A and 
f <tf :A*->(tr r< +ITT)^: 

Ti((Ujgj,aj) ie i) = T t (U t gi,oti) 

and Ti U ((Ujgj,aj)) is the standard representative of Ti(Uigi, ai) in l^ 1 *^ with 
Laurent expansion (j- r tu^ r + . . . + + Ht)^^- We also write for the 

coefficient of vj^^ in T iu . 

We identify the tangent bundle of A with A xt~ Ti /ij using the pairing (, )d £t . 

The differential of the map f j : A4 — > Ai determines a section dT j of f7 1 — (t~ ri /t-i ) C 

Let ipi : M ^ £7j\GL n (C) be the composition of the projections Af — » A4i 
and A^i — > £/i\GL n (C). Using the standard identification of T(Ui\ GL„(C)) with 
(lij\flI n (C)) Xjj i GL„(C), we define a map from fll„(C) to global sections of 
T(Ui\ GL„(C)) via e l (X)(?7 ( . 9 ) = (Ad(g)X,g). The pullback e 4 = ^*e, gives a map 
from 0[„(C)Jx) sections of ip*(T(U t \ GL„(C))). 

Identify Aii with X;/. GL„(C) as in (|3.1[) . Throughout this section, (|3.1[) . we 
will use m 3 = (vj,gj) G X;/, GL„(C) to denote a point in Aii and m = (mj) je j 
to denote a point in AI C Jlie/ 

We are now ready to define a collection of differential forms on Ai. 

(1) Define an endomorphism <5 C ' : t^ Ti /t\ — > lJ Ti /t\ by 

^(L^^Jt^ ifj> ° 5 
°^ 3 % ' \o ifj=0, 

and set A-^ . = 5 e '(dTj). Yi v = the first part of Lemma [4.11 implies 
that 

T V A U . + ad(r\,)(A^) = dT* - df? + i\. 

(2) Recall that ( ( p i / < Pp +1 ) I v cg A X T xPl/PT +1 . Given m, € AU, we may 
write Trys^Vi) = (a,, p,) 6 A-Pi, 7 *) x t x Pi/P[ i+ ■ Thus, p, is character- 
ized by Ad(p l )(7r<p i (t> i )) = a. Define a bundle B. t = ^ r /^\ x Vi GL n (C) 
over C/i\GL„(C), where C/^ acts on GL„(C) by left multiplication and on 
$Pi~7*Pi by Ad. We define G 0^(^(5;)) by 

(5.1) *i = Adfo- 1 )^.), 

Note that <I>i is well defined: Arj . is stabilized by T 1 and, since v,i(a,i,pi) = 
(ai,piUj X ), 

Ad(ui)$i(itim) = $i(m), 

(3) We define a third form T° on Ai which has coefficients in H (P , flC™). 
The form 

= Ad^f 1 )*, + ^( 04 ) g nlj((?pr r4 ) w /ft) 
is well defined on Ai, so the product i> = determines a form in 

n X*GIiei((Vr r< ) a 7&))- Using Definition Ell $ determines a form T° G 
^(ijO( P i ;fl&)) . 
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(4) The next form, Q i; is defined on M with coefficients in tp*(T(Ui\ GL n (C))). 
Here, we identify T(Ui\ GL n (C)) with Ui\flI„(C) Xc/, GL„(C) in the usual 
way. Define a section of ^(Va*T(CM GL„(C))) by 

e,(m) = {d 9i )gr l + - 4 (Ad( 54 )(T )) + n^u*). 

The form is well defined. By construction, 4>i(<&i) is well defined on A4. 
Furthermore, Ad(u t )4> i (Ad(g l )T°)(u z m) = 4> t (Ad(g t )T°)(m) and 

d{u l g l )gl 1 uT 1 e Ad(w l )((^)ff l " 1 ) + ^(m). 

(5) By Theorem l3.15[ each point of M. determines a unique form av £ i/°(P 1 \x; ^pi(fl[„pi))- 
In particular, da is a one form with coefficients in 7?°(P 1 \x; g[„pi). Note 

that da depends on the choice of global form ^. 

(6) We define the last collection of forms on M. to have coefficients in (q. Ti |^ j^; ) , 
where r e = (r^)i£j as in Definition 14.71 Since GL n (C) acts on A4, we 

have an isomorphism M = GL„(C) x.GL n (C) -M. Let E£ be defined on 
GL n (C) x M by 

dz- 

Sj(ff, = - da - [T° + ff-Mfl.a] + ^^^^(fl, 1 ^)- 

The form is G- invariant, hence induces a form Hj on AL This follows 
from the observation 

(5.2) ^(Ad^- 1 )^) = AdQT 1 )^ - [g^dg, Ad^H 

Definition 5.1. Let Zgl„ be the differential ideal on A4(x, P, r) generated by the 
coefficients of 

(1) Sl e^(( fl p^)/(0^)) and 

(2) 0< - e(g^dg) £ ^(^(( Ui \flt„(C)) GL„(C))) 
for all i £ I. 

Theorem 5.2. The ideal Zgl„ satisfies Frobenius' integrability condition: c£Zql„ C 
Igl„- Therefore, Zgl„ determines a foliation of A4(x, P, r). Moreover, a map a : 
A — > A4 corresponds to a framed integrable deformation if and only «/(t*Igl n = 0- 

5.2. Proof of Integrability. In this section, we will prove Theorem l5.2l Through- 
out, we fix local sections <?j of the trivial GL n (0i) -bundle over A4 such that gig~ X £ 
P/ and §i • a = T iu . Observe that (dg^g^ 1 £ (dg^g^ 1 We choose a lift 

A'~ £ ty r of At-. . which satisfies the property 

If B is a bundle over M. and <r S fl*^(B), we will use the shorthand "cr G Zgl„" 
to mean a £ 2"gl„ ®o - B. If P/ is another bundle and / : B — > B' is a bundle 
map, then cr G Xgl„ implies that /(cr) G Zgl„ ■ I n particular, this is the case if the 
bundles are trivial with / induced by a C-linear map on their fibers. 

Lemma 5.3. Suppose that X £ fJ 1 — (<$*) satisfies 

(5.3) T v {X)-[X,t iv ]eX G L n - 
Then, X £ Zgl„ • 
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Proof. Without loss of generality, assume that v = ^ and t„ = Zid Zi . To sim- 
plify notation, we will suppress the subscript i in the proof. Let ip : fit^^p 1 ) — > 
f2l Jf (<p-''+ 1 ) be defined by ip(Y) = t v (Y) - \Y,t v }. 

First, we prove the case r = 0, so e = 1 and P = GL n (o). Note that Y v G 
by Definition [3U and t v (Y) = IY for Y G fll„(C)). It follows that : 

z gt n (C) — >• z gl n (C) is an isomorphism, since —I is never an eigenvalue of ad(r„). 
Now, suppose that X G +^gl„ for £ > 1, say X G X e + + Z GL „ 

for some X £ G QWz^ £|l ra (C)). (This holds trivially for ^ = 1.) We see that the 
image of ip(X{) G i7^(g £+1 ) +Iql„- However, we have shown that ip induces 
an automorphism of Sl^(f//f/ +1 ), so X( G f^(f/ +1 ) + Zgl„- By induction, we 
conclude that X G Zgl„ . 

Let = ker(7f t ) C y$ i / ( # e+1 . We define the projection p t : flt n (F) -> ker(7r t ) 
by ptPQ = X — 7Tt(X), and write p t : ^ e /^j} e+1 — »■ ^ for the induced map on 
cosets. Let ip : ^-OP 1 ) -> S^CP - *" 1 " 1 ) be defined by tp(Y) = t v {Y) - [Y,f„]. 
Since Lemma O states that ^>(t) = 5 e (t) G t for all i e ^Wt 1 ), Pt ° = °- Tllis 
implies that Pi(ip{Y)) = PtW<PtO0)) for all Y G ^~0P*)- 

First, we show inductively that X' = pt(-X") G 2ql„- Suppose that X' G Zgl„ + 
fi~PP*), say X' G X; +X GL „ with X' t G Since ^(X) G 2ql„, we obtain 

p t (-0(X;)) = p t (tp(X)) +I G l„ C Xql„- By part © of Proposition E2 the map 
ip : Wt —> We-r induced by ptoip is an isomorphism, so X' e G 2gl„ + ^^jCP £+1 )- It 
follows that X' G Igl„ + ^^CP £+1 )- Since the inductive hypothesis holds trivially 
for t = 1, we conclude that X' G Zgl„- 

We now have X G 7r t (X) + J G L„ and also S e (% t (X)) = ip(n t (X)) = ip(X) - 
ip(X') G 2<3L„- Since 6 e is an automorphism of t , this gives Ttt(X) G Zgl„) an d 
hence X G Zcl^- 

□ 

Lemma 5.4. Let 2gl„ &e i/ie differential ideal defined above. 

(1) TTie following identity holds modulo 2T G l„ : 

T° + .9-^.9 G Ad^f 1 )^ + ft 1 ^ + ^GL„ • 

(2) Let pt = gig~ l ■ The following weaker identity holds modulo the ideal Xq 
generated only by Qi — e(g~ 1 dg): 

Ad( 9i )(T° +9-^9) G kAfai)A!~. + (dg^ 1 + ^(^) +X e . 

(3) Finally, off G X G L„ ■ 

Proof. Without loss of generality, we set v = ^ and t„ = Zid Zi . First, we note 
that T° - Ad(g^ 1 )(A'~ .) G by construction. Therefore, 

Ad( 3 ,)(T°) + Ad( ffi )(ff _1 d5) - (Ad(pri)(A'~.) + (d 9i ) 9 ^) G 

- MfaiW 1 + Ad(pri)(A^.) - Ad( 5l )(T )) + eQT 1 ^) + n^(^) = 

- (6,; - eig-'dg)) G 2q. 

This is the second part of the lemma. 
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Since 




we obtain 

(5.4) v A {t v T° -da- [T° + g~ l dg, a}) 6 J G L„ . 

This follows from the observation that the principal part at each xj 6 P 1 lies in 
^gl„. 

Let T' = Ad(3i)(T + g~ l dg) - (dg^gr 1 . Using part ©, we see that T' - 
A'~ . € n^Wl) + Z GL „. Substituting Ad(g" 1 )(T') + g r l d gi = T° + g^dg and 

Ad(g^~ )T iv + g~ l T y {gi) = a into (|5.4|) . we obtain 

T V (r)-dt iu -[r,t iv ] 6i G i„. 

Since dT iv - df ° = tJA'~ ) - \A'~ , T iv ], we deduce that 

4 A4,i M.i 

On the left hand side, tJV - A'~ ) lies in ftW^i) + I GL . Therefore, df? £ 
— [T' - A'~.,T ihl ] + fifciWi) + Zgl„- With p ti as in the proof of the previous 
lemma, we obtain 

(5-5) Pti ([T' - A'~ .,T iv }) G x GL „ + 

Suppose T' - . G n^?(tj + 5$) +I G l„ for £ < r. By part © of Proposition HH 
(1531) implies that p t . (T'-A'~ ) G ^VrPPf^+^GL . We conclude that V-A'~ G 

^m +1 +tO+^GL„. 

Finally, part (3) of Proposition HU implies that [T' - A^ v T lu ] G ^(^-) + 

Igl„- Since t b n q} 1 = {0}, df? G I G l„, giving part ©. The first statement now 
follows, since by Lemma 1531 T' — A'~ . G 2Tgl„- 

□ 

Lemma 5.5. The following holds modulo 2<jl„- 

d(T° + g-Hg) + (T° + g^dg) A (T° + g^dg) G X GL „ . 

Proo/. Recall that T° is defined as ?(($i) ieJ ). It follows that dT° = ?((d#i) ie j). 
First, we will show that 

(5.6) d(T°) 6 -(T +. 9 - 1 d 9 )A(T°+ 5 - 1 d 5 ) + ^( flt )+lGL„. 
By construction, T° G Ad(g^ 1 (A'~ .)) + ftWfli). Therefore, 

On the other hand, by Lemma [531 

(5.7) (T° + g~ l dg) A (T° + g~ 1 dg) G 

(Ad^r 1 )^. + gr 1 ^) A (Ad(pr 1 )A^ ( . + §r^) + f^foO + Z GL „. 

The right hand side is equivalent to [Kd(g~ l )A'~ ,,g~ 1 dg i ] + fi^L(jjj) + Igl„ • This 
proves (|5.6[) . 
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It suffices to show that 
(5.8) 

(T a +g- 1 dg)A(T°+g- 1 dg) e <;(((T +g- 1 dg)A(T°+g- 1 dg)+n 2 Xi (Q i )) ieI )-dg- 1 dg, 

since the right hand side is equal to — d(T° + g~ 1 dg) (mod Zgl„) by the arguments 
above. By Lemma 14.101 (T° + g~ 1 dg)\ Z(l= o = g~ 1 dg. Moreover, 

((T° +g- l dg) A (T° +g- 1 dg)) \ Zo=0 = (g^dg) A (g^dg) = -dg^dg. 
Another application of Lemma [4.101 gives (|5.8j) . 

□ 

Lemma 5.6. The following holds modulo 2gl„' 

d(Qi - e{g- x dg)) G 0^(u 4 ) + 2gl„. 

Proof. Throughout, we will write T = T° + g~ 1 dg. As in Lemma 15. 4| we write 
Pi = 9i9i~ 1 ■ By the same Lemma, we see that 

Ad(ft)(T) G Adfo- 1 )^.) +p^d Pi + (d ft ) 5 ri +2bL„. 
A sequence of calculations using the expression above and Lemma 15.51 produces 
d(Ad(ffi)T) - [(dftjft S Ad( 5i )(T)] + Ad( 5i )d(T) 

G [(d^Oft 1 , Ad(ft)(T)] - Ad( 52 ) (T A T) + Z GL „ 

= [(dftjffrSAd^- 1 )^) + P r 1 ^ + (^^r 1 ] 

- (Ad(p^)(A'~.) + p- 1 dp i + (dgjgr 1 ) A {k&(j>7 x ){A'~J + p^d Pi + {d 9i )g^) +1 GL 

= -dg.dgi 1 +dpl 1 d Pl - \pr l dpuk&(p7 x )A'^.)] + Z GL „ 

= -dgdg; 1 + d P r l d Pl + d{kd(jp- l )A'~ .)) +X GL „. 
The last line is equivalent to d$i — (dgi)dg~ x +I G l„ (mod (*-Pi ))• Therefore, 

d($i + dg l9 ~ x - Ad( 5l )(T° - g- l dg)) G ^(5$) +2gl„. 
Applying ^ to the equation above gives d(G, — e(g~ 1 dg)) G Zgl„- 

□ 

Proof of Theorem \5.2[ As above, write T = T° + g~ 1 dg. We have already shown 
that d(®i — e(g~ 1 dg)) G Zgl„- A calculation shows that 

dz 

d~ t = r u (dT + T A T) - [dT + T A T, a] + T] + fi 1 -^ 1 ^), 

so by Lemma 15.51 dSj G Xgl„ • 

Finally, by Theorem l3.151 we may identify trivialized framed global deformations 
(g, V, V) on P 1 x A with analytic maps a : A -> _M(x, P, r). Note that ct*2gl„ = 
{0} if and only if <r*(9i — e(g~ 1 dg)) = and ct*S^ = for all i, and the vanishing 
of these forms is equivalent to conditions ([1]) and © of Corollary 14.131 Also, by 
Lemma [531 ct*I G l ii = {0} implies cr*(dT + T A T) =0, which is equivalent to 
condition 

□ 

Theorem 15.21 and Lemma 15.51 immediately show that the third conditions in 
Theorem 14. 121 and Corollary 14. 131 are redundant. 
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Theorem 5.7. Let (g, V, V) be a good framed deformation. The following state- 
ments are equivalent. 

(1) (g, V, V) is integrable. 

(2) (g, V, V) is GL n {R)-gauge-equivalent to a deformation satisfying the first 
two conditions of Theorem \4-12\ 

(3) There exists g G GL„(i?) such that the first two conditions of Corollary \4-l3\ 
are satisfied. 



6. Example 



In this section, we give an explicit example of the system of equations constructed 
above. We will consider a space of rank n meromorphic connections on P 1 with m 
singularities of slope — . Let x be a set of m finite points, and set Pj = Ii and n = 1 
for all i. If z is the usual coordinate on P 1 , we write Zi = (z — Accordingly, 
Wi = vjTi = N + Z{E G where N is the regular nilpotent matrix in Jordan form 
and E is the elementary matrix E n \. Note that zu~ = N' + j:E', where N' and 
E 1 are the transposes of N and E respectively. 

We choose our one form to be v — dz, so t v = d z = 4-. Choose a point 

(Uigi,ai)i£i G M corresponding to a connection V, and write [V] = av. Thus, 
a G (Xi v + 3} at each i and HeSi(av) — 0. To simplify calculations, we assume 
that the normalized formal type of V at £j has the representative — (— ^' UJ ^ X +Ht) 
under the pairing (, ) v . 

We write A j ^ i = wr 1 da l and Ad( 3t )(a) = ^(-^m^ 1 - ±(D t + X>) + H T + 2i) 
for some traceless diagonal matrix Di and Xi G Ui. By definition, 



A — -) + ^IPi)- 



Therefore, 



and 



$i = (m- da 
r°=Y J ^{9i l ){^ l E'da i ), 



i(T°) 



E 

jeAW 



f 



Adigr^E'da, 



We conclude that equation (JTJ) from Theorem 14. 121 is equivalent to 
(6.1) Ulg.g, : 



E 



1 



Ad^g- 1 )^'^) 



A^'dflj + D 



da; 



a, 



in (fll„(C)/ui) GL„(C). 

Now, we consider equation ([2]) of Theorem 14.121 At £j, applying Ad(<?i) to the 
principal part of the curvature gives us 



3.2) 



2 E'dai G 



-{w^dai + dDi + dXi) + [Ad( fli )(T°) - {d 9i )gr\ Ad( ffi )(a)] + Q A (fk)- 
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First, we calculate [z i E', Ad(gi)(a)] + Qi. Observe that [z i E' , Ad(gi)(a)dz] is a 
one form on with poles along x. Thus, 

(6.3) [Zi 1 E , ,Ad(g i )(a)dz] G ( — l —[Zi 1 E',N l a i + D i + Xi-nH T ] + -p)dz + Q l dz, 

TIZi Zi 

where p is the residue term. By the residue theorem, p+^2j eI ReSj({z~ 1 E' , Ad(gi)(a)dz]) 
0. We conclude that 



1 dz 
P = ~ J2 Res j(K lE '> Ad^- 1 )^ 1 ^ + D s + X, - nH T )]—) 

= - E - r ^ T [&M(9i9j 1 ){N'a j +D j +X j - nH T )] - 1 [^AdfogJ 1 )^-]. 
n je/\{i}^ « Uj w 

By Proposition 14.21 we see that 



(6.4) - zr 2 E'da t = — — (w^doi) + -[tur 1 ^, fir]. 
Comparing (I6.2[) . (|6.3I) . and (I6.4[) . we obtain the condition 

(6.5) - — (d(A + XA + [z^E'dau N' ai + Di + Xi- nH T \) + 

nzi 

-pda 4 +[Ad( 5 0(T°)-zr 1 S'd ai -(d ff 3 r\Ad( 5 0(a)]--Nr 1 ^^T] G ti^fa). 

Zj : Z.i 



Now, by (|6Trp , 

(6.6) [Ad( 5l )T° - ^r^'rfai - (dg^g^^^E'ai] 6 

( Ad(s-j ) T°) - (dg^g^ 1 , z^ x E'ai] — ]T j 7 ^ 2 [Ad ( gi gT *)(£'), £; / ]a i d fflj -+^( fl ^) 

jei\{i} ^ ^ 

On the other hand, 

(6.7) [Ad( ffi )T° - zr l E'da u N'a, + A + X t - nif r ] e 

[&(Ad(ft)T°), A'a, + A + A"< - nff r ] + ^i(fli) 

= [ E ^~T" Ad( fflff 7 1 )(Ada J ), A'a, + A + A, - nH T ] + fi^fo 1 ). 
J6AW 4j 4j 

Finally, 



(6.8) 



[z^E'da^Hr] - [ti^dai, fT T ] = [-JV'dai, ff T ]. 
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We substitute (|6l)]> . (|6J|) . and (JUj) into (j6T5|) : 

d(A + X,) - [(e^r 1 , W<X + A + *i - nH r] = [-N'da l7 nH T } + 

E T-^T\ E ' da ^ Adigig^XN'aj+Dj+Xj-nHT)}- (f - f , 2 Ad^g^'fada 

r- j\ r.i Sj Si vSj Si J 



.ia\{i} ™ 

^rtM^^^ajO^'ai + A + ^-n^T] (mod 
Equivalently, if we apply Ad(g~ 1 ) and divide both sides by — n, we obtain 
d<pi{zia) = Y i t _t ^M{9j X ) E> ', <fo0iO!)]daj + [Adfof 1 ).©', ^.(^ a )]doi) 

„v-r\ r.-i \Sj Si 



jei\{i 



' ' [Adig^E^AdigJ^E'Wa^ 



n (0 -&) 

since [iV'dffli, fir] = ^N'dcti. 

7. Appendix 

In this section, we will show that Zgl„ is a Pfafhan system in the sense of [7J 
II.2.4]. We will need to describe a (local) minimal basis for 2gl„- Since 2gl„ 
is independent of the choice of one-form v, we may assume that v = when 
working locally at x\. Moreover, the basis only requires a local description. Thus, 
over a sufficiently small neighborhood Wi C Z7j\ GL„(C), we may choose a smooth 
algebraic slice of coset representatives cr, : W, — > GL„(C). For brevity, we will write 
9i = o-i(Ui9i). 

We define a map £i : g^ — !> O^x.^ , using the residue-trace pairing in (|2. 1|) : 
(7.1) e i (X) = (X,Ad(. 9 nS 4 ),. 

By part ([2]) of Proposition 12.41 the map 7r ti induces a map tt[. : ^Pj/^3[ — > U/t^. 
Choose vector space lifts L° d C of kcr(7r(.) and L" C g of Qi/tyi. Note that these 
vector spaces are when r = 0. 

Let = n, 6 / ^^(Wi) C -M(x, P, r). We locally define the 'off-diagonal' and u 
components of to be Ef = ^\ Lod g f>V((£ T) and = &| L u g f^((L") v ) 
respectively. 

Lemma 7.1. Let J be a differential ideal in Then <Z J if and only if 

^ ej. 

Proof. By definition of Ej, g[ i+1 C ker(^), so £j induces an element £j g Homc(0j/gf , fi^) = 
^V((flj/fl? +1 ) V )- Note tnat C J" if and only & g J. Moreover, & and 

Ad(fff))(Sj) correspond under the isomorphism (gi/g[ i+ ) v ) = g~ ri /fli given by 
the perfect pairing (, )„, so £i g ,7 if and only if Ad(gf ))(3i) g .7- The result now 
follows, since this last fact holds if and only if Si g J . 

□ 
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Lemma 7.2. Suppose that J is a differential ideal on A4 containing dT® . If 

Ad( 3l )(T°) + AdCsOGr 1 ^) - (dg l )g- 1 + n^(vj) e *i + .7, 

then AdfoOCS,) G nU([^,Ad( 5i )(a)] + X 

Proof. Without loss of generality, let 1/ = Recall that t v (A'~ .) - df ^ + df ? + 
[f^.A'-.] = 0. Write a' = g" 1 ■ (f lu - f?), so a - a' = Ad(g^)(ff). Set 
Z = Ad(^ 1 )A'~.+g^dg i . 

By Proposition [Ol n,(Z) - da' + [a', Z] = 0. It follows that 
t v {Z) -da+ [a, Z] = - Ad(gr 1 )df J € J. 

By definition, Ad^r^- . + n^((q3j)«) = Adfo- 1 )^ an d $- X dft G + 
51^(('P l 1 ) 9i ). Therefore, subtracting the above expression from Ej and using the 
hypothesis yields 

5 S : G r„(T° + g" 1 ^ - Adfo" 1 )^ " 

[T° + <r x d 9 - Ad(sri)^. - ^d^, a ] + + ^- 

The lemma follows after applying Ad(<?j) to both sides of the equation above. □ 

Proposition 7.3. On the neighborhood W defined above, Zgl„ is generated by 
Qi - eig^dg), Z° d , 5J 1 and df? for i g J. 

Proof. As above, we assume that v — ^f 1 . By Lemma l7.1[ it suffices to show 
that lies in the ideal I' generated by dY\, 0; — e(g~ 1 dg), E° d , and E", since 

I'cIgi„, 

Let Ii be the ideal generated by {Qi — e(g~ 1 dg)} and dlj. By the second part 
of LemmaSa T°+g- 1 dg g Ad^JA^.+^dft + fiV^Vi^J+^i- LemmaO 
states that 

(7.2) Ad(0f)5, g nV([qJi.Ad(fff)(a)] +?pj) + Xx C Q 1 w (^' r+1 )+^ 

Therefore, C Xy, and it follows that the ideal I 2 generated by X\ and the 

S° d 's is independent of the choice of lift for L od . 

We will now show that Ad(pf)(Sj) g 1 2 + VL^^}). By ((721), there exists 
X g tty^ 1 ) such that Ad( ff f)S l g [X,Ad(gr)(a)]+n^{y})+l 2 . Take 1 <j < r, 
and assume inductively that there exists X G such that 

(7.3) AdfofJS, g [X,Ad( 9 f)(a)] +2b + n^(qjJ). 

Part © of Proposition El shows that [X, Adfof )(a)] + n^(<p{~ r+1 ) g ker(fr tj ). 
Thus, by part (j4]) of the same proposition, ([X, Ad(gf )(a)], t[~ J }„ = {0}. Since 
5° d g T 2 , (P^, Ad(sf )(a)], Y)„ g Z 2 for y e ker(w u ) n^ r " j . Combining these two 
facts gives ([X, Ad(gf )(a)],^ r -^) lJ g X 2 , and we conclude that [X, Ad(gf)(a)] g 
n^(<p{" r+1 ) + I 2 . Part © of Proposition H3] now implies that X g 7T t (X) + 
+I 2 - Finally, since there exists p g P/ such that Ad(p)(Ad(pf )(«)) 6 
t^ r +<$, we see that X- Ad(p- 1 )( 7 r t (X)) g f7^(^ +1 )+Z 2 satisfies (£3) for j + 
By induction, we obtain ((731) for r + 1. This gives Ad(gf )(S;) g X 2 + 0^(*$) and 
hence &PJJ») C X 2 . 

Finally, since 0, = L u + we see that £i(fj,) C I' as desired. Note that it also 
follows that the ideal X' is independent of the choice of L u . 
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□ 

In the following, let i : M — > Yl ieI Mi be the inclusion and T*l : ~ ) -> 

Qi-j the induced bundle map. The generators of 2gl„ lift to a set of generators 
for a subbundle J" C (.*f2i, ~, , on M. The only form that requires some 

ILei M(Pi,ri) 

explanation is Ej. Suppose that m = ((Ujgj,ctj)j e i) G rLe/-^*- We write for 

a representative of a in (fl^'I^VCfli |^)- Therefore, if m £ X, a iv = a + g}^. 
We may rewrite Sj as 

S l = t„T° - dajy - [T° + g~ x dg, a»„]. 
It is clear that T*i.(S,-) is the usual Sj. 

Lemma 7.4. Lei /x 6e i/ie moment map for the action o/GL„(C) on Elie/ M(Pi, r,). 
Then, dp C J7 . 

Proof. Let be the global choice of one form. By construction, p((Uigi,ai)i<=i) = 
Yliei Tes ( a i)' However, 



^Rcs.O A Sj) = ^ReSj(i/ Ar l/ (T )) - Res^i/ Adoj„) - Res.O A [T° + g~ x dg, a}) 
iei iei 

= ReSi(i/ A da^). 
iei 

Here, Yliei Res^lV A t„(Y°)) and Y^iei ReSj(V A [T°, a)) vanish by the residue the- 
orem. Since Res.;(V A a^) = resi(aj), we see that dp = Y] ieI ReSj^ A da^) lies in 
J. ' ^ □ 

Lemma 7.5. Let p : GL„(C) x GLn ( C ) M. — > M be the usual isomorphism. Define 

%=t^ -da-[r\a] + n^{A. 

Then, p*Oi(h, m) — 0j(m) — e(h~ 1 dh) and p*3(h, m) — Ad(/i)p*(E)(/i, m). 
Proof. Recalling the definition of 6^ in Section [5j one easily checks that 

pQiih, m) = d{ 9i h- l )hgi l + m) ~ ^Adfo^XT )) + ^ GLn(c)XG ^ (c) 

= e^m) - eQi^dh). 

Furthermore, d(p*(a))(h,m) = d(Ad(h)(a)) = Ad(ft)(a) + [(dh)^ 1 , Ad(h)(a)}. 
Therefore, 

Ad(h)p*{Zi)(h,m,) = 

r v (Ad(h)(T )) - Ad{h)da - [Ad(»(T + h^dh), Ad(h)(a)} + ^(fl! — ) 

M ZiV 

= p*Zi(h, m). 

□ 

Proposition 7.6. The ideal Zgl„ is a Pfaffian system. 
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Proof. Fix a point m = (Utgi, ai)i£i 6 A4, with corresponding formal types (Aj)jgi. 
We will first show that J has full rank when restricted to M(Ai)) (1 M. In 

other words, the restriction of J to Yiiei -M(-Aj) spans ~ . 

Let ^ : A4(Pi,ri) — > Ui\GL n be the natural projection. Choose neighborhoods 
Wi C Ui\GL n of ipi(m) as above, and let W = Yl ie x{' l Pi)~ 1 (Wi) be the corre- 
sponding neighborhood of of m in Yiiei M(Pi, r»). There are isomorphisms = 

IIi(V</Vr+i)X efl x W and W(A) = W n n ie iMA) = rU/fopO"'^) x W,. 

By LemmaESJ is generated by O^ and 5$. Restricting to W(A), we see that 
all terms involving Aj^ i vanish. In particular, T° and vanish, so 0^ becomes 

(dg^g' 1 + n 1 w{A) (u l ), and Ej is simply da + f^ (A) (fl- Write Ad(&)(a) = u G 
(7Ttpi) _1 (0|). Since da = Ad(<7~ 1 )((iD — [(dgi)g^~ ,v]), it is easily checked that the 
coefficients of (dg^g^ 1 and da span T^(W^(A)). On the other hand, a calculation 
using Lemma 3.17] shows that dimT^(W(A)) = dimg[„(C)/u + dimg/«p r - 
dimt 1 /t T ', and so the coefficients of the set of generators for J in Proposition 17.31 
give a basis for T^(W(A)). Thus, J" is a rank J^iei <iim(M(A t )) Pfaffian system. 

Lemma T7.4I shows that d\i € J. Since the coefficients of dfj, span the conormal 
bundle of M in J\ ieI M(Pi, rt), we see that the image of J in f2^, i.e., Igl„, is a 
rank X^e/ dim(jVl(vli)) — n 2 Pfaffian system. 

□ 
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Abstract. In previous work, the authors have developed a geometric theory 
of fundamental strata to study connections on the projective line with irregular 
singularities of parahoric formal type. In this paper, the moduli space of 
connections that contain regular fundamental strata with fixed combinatorics 
at each singular point is constructed as a smooth Poisson reduction. The 
authors then explicitly compute the isomonodromy equations as an integrable 
system. This result generalizes work of Jimbo, Miwa, and Ueno to connections 
whose singularities have parahoric formal type. 



The study of transcendental solutions to differential equations has a long pedi- 
gree in mathematics. An important innovation in this field from the turn of the 
century was Schlesinger's observation that families of solutions to linear differential 
equations often satisfy interesting nonlinear equations. His work on monodromy- 
preserving deformations of Fuchsian differential equations produced a remarkable 
family of nonlinear differential equations which satisfy the Painleve property, namely, 
that the only movable singularities are simple poles [15] . 

For example, consider a family of regular singular differential equations on P 1 of 
the form 



where x\,...,x p gP 1 and Aj is a matrix valued holomorphic function in the coor- 
dinates X\, ... ,x p . A family of fundamental solutions to (II. ip has constant mon- 
odromy if and only if the A^s satisfy the Schlesinger equations: 



(See [131 IV. 1] for a contemporary exposition.) In general, we will refer to the dif- 
ferential equations satisfied by a family of linear differential equations with constant 
monodromy as isomonodromy equations. 

It took almost seventy years for progress to be made on the isomonodromy prob- 
lem for irregular singular differential equations. In 1981, Jimbo, Miwa, and Ueno 
characterized the isomonodromy equations for certain generic families of irregular 

2010 Mathematics Subject Classification. Primary: 14D24; Secondary: 34Mxx, 53D30. 

Key words and phrases, meromorphic connections, irregular singularities, moduli spaces, Pois- 
son reduction, fundamental stratum, isomonodromy. 

The research of the second author was partially supported by NSF grant DMS-0606300 and 
NSA grant H98230-09-1-0059. 



1. INTRODUCTION 



(1.1) 





2 



CHRISTOPHER L. BREMER AND DANIEL S. SAGE 



singular differential equations [9]. One explanation for the long delay is that the 
monodromy map for irregular singular point differential equations is significantly 
more complicated; it involves the asymptotic behavior of solutions along Stokes sec- 
tors at each singular point, so it is less explicitly topological than the monodromy 
map in the regular singular case. The proof of Jimbo, Miwa and Ueno required a 
much clearer geometric picture of the monodromy map. 

In this paper, we will think of linear differential equations in terms of mero- 
morphic connections V on a trivial vector bundle V on P 1 . After fixing a basis 
for V, we may write V = d + a, where d is the usual exterior derivative and a is 
an End(U)-valued meromorphic one-form. Roughly speaking, if one considers the 
moduli stack A4dr of meromorphic connections on P 1 , there is a formal Riemann- 
Hilbert map to the moduli stack A4b of irregular monodromy representations Q An 
explicit description of the irregular Riemann-Hilbert correspondence may be found 
in [TO]- 

If one can find a smooth family A4' that maps to A^dr, the Malgrange-Sibuya 
theorem |10j implies that the fibers of the monodromy map are a foliation of M' . In 
particular, the isomonodromy equations should correspond to an integrable distri- 
bution on M! . By an observation of Boalch p] Appendix], L C M! is a leaf of this 
foliation if and only if the family of connections corresponding to C is integrable, 
i.e., there exists a connection V on L x P 1 with the property that Vl^jxpi is a 
representative of the isomorphism class x £ A^dr- Throughout the paper, we will 
suppress the monodromy point of view in favor of this integrability condition. As 
an example, we describe the smooth family of framed connections A^jmu which 
was constructed by Boalch, building on work of Jimbo, Miwa and Ueno. 

Fix a finite collection of points (xi)igj C P 1 and a vector of non-negative integers 
(^j)je/0 Points in A^jmu correspond to isomorphism classes of connections V = 
d + a, singular at x^, with the following additional data: there is a collection of 
framings g t £ GL„(C) such that the Laurent expansion of Ad {gi)a at xi has the 
form 

Ad( gi )a = (A r _ — + ...+ Ax -—-+Ao)—?—, 

\Z X% ) 1 z x% z x% 

where £ gl n (C) and the leading term A Ti is a regular diagonal matrix. The 
moduli space AJjmu is, in fact, smooth. The isomonodromy equations may be 
expressed in terms of a Pfaffian system involving terms Oi, which control the dy- 
namics of the framings, and terms Si, which are essentially the principal parts of 
the curvature of V [5] . 

In [2], the authors describe smooth moduli spaces of framed connections with 
arbitrary slope, generalizing a construction of [T]. The goal of this paper is to 
study isomonodromic deformations of such connections. The primary technical 
tool is a local invariant of meromorphic connections called the fundamental stratum, 
which plays the role of the leading term. A stratum is a triple (P,r,f3), consisting 
of a parahoric subgroup P C GL„(C[[z]]), a non- negative integer r, and a 'non- 
degenerate' linear functional on the r th graded piece associated to the canonical 
filtration on the Lie algebra of P. The relevant condition on connections which 



^Here, DR stands for the "DeRham" theory of meromorphic connections, and B stands for the 
"Bctti" theory of irregular monodromy representations. 

2 There is a slight simplification here: Jimbo, Miwa, and Ueno and Boalch allow Xi to vary in 
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assures smoothness of the moduli space is that V must contain a 'regular' stratum. 
This approach is described in detail in Section [2] 

The primary motivation behind the introduction of fundamental strata into the 
study of connections comes from the geometric Langlands program, which in this 
case suggests an analogy between wildly ramified adelic representations of GL„ 
and irregular monodromy representations of rank n on P 1 (see [5] or, for a more 
physical interpretation, [16]). The fundamental stratum (alternatively, the minimal 
if-type) was originally used as a tool for classifying wildly ramified representations 
of a reductive group over a p-adic field [31 [H]. Thus, one hopes that a dictionary 
between fundamental strata and families of monodromy representations will better 
illuminate the wild ramification case of the geometric Langlands correspondence. 

We conclude with a short overview of the results in this paper. Suppose that 
x = (xi)i£i C P 1 is a collection of singular points, P = {Pi)iei is a collection 
of uniform parahoric subgroups Pi C GL„(C[[z — a;,]]), and r = (rj)jgi is a vec- 
tor of non-negative integers. In Section O we give a construction of the moduli 
space A4(x, P, r) consisting of isomorphism classes of connections with compatible 
framings on P 1 that contain regular strata of the form (Pj,ri,/3j) at Xi. By Propo- 
sition [3T5] and Theorem 13.161 .M(x, P,r) is a Poisson manifold; moreover, the 
symplectic leaves correspond to connected components of moduli spaces of connec- 
tions with a fixed formal isomorphism class at each singular point. When all of the 
parahoric subgroups are maximal, i.e., Pi — GL„(C[[;z — Xi]]), .A/!(x,P,r) = A^jmu- 

In Section [H we calculate the isomonodromy equations for connections corre- 
sponding to points of .M(x, P, r) (Theorem |4T2]). In this context, the framing data 
is given by a coset ?7\GL„(C), where U C GL„(C) is the unipotent subgroup de- 
termined by P. In particular, part of the isomonodromy data is a time dependent 
flow on an affine bundle over a partial flag manifold. Since U is trivial when P is 
a maximal parahoric subgroup, this phenomenon is absent in the isomonodromy 
equations of Jimbo, Miwa and Ueno. 

In Section [5] we describe a differential ideal I on the moduli space P,r) 
corresponding to the isomonodromy equations. To be precise, we construct a dif- 
ferential ideal I on a. principal GL„(C)-bundle over .M(x, P, r) and then show that 
it descends. The main result of the paper, Theorem 15.11 states that both I and 
I are integrable Pfaffian systems. Moreover, there is a natural correspondence be- 
tween the leaves of the foliation determined by X and isomonodromic deformations 
of framed connections. The proof is deferred to Section [5] 

Finally, in Section [7j we compute an explicit example of the isomonodromy 
equations in the case where Pi is an Iwahori subgroup and = 1 for all i. To the 
authors' knowledge, this is a completely new example of an integrable system on a 
Poisson manifold. 

2. Formal Types 

In this section, we review some results from the geometric theory of fundamental 
strata and recall how they may be used to associate formal types to irregular sin- 
gular connections. Let F = k((z)) be field of formal Laurent series with coefficients 
in a field k in characteristic zero, and let o C F be the corresponding power series 
ring. Let V be an n-dimensional F vector space. A lattice chain L = {L l } i£ z is 
a collection of o-lattices in V satisfying the following properties: U D L l+1 , and 
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zL l = L t+e with a fixed period e > 0. We say £ is uniform if dirrifc L z /L l+1 = n/e 
for all i; the lattice chain is complete if e = n. 

Definition 2.1. A uniform parahoric subgroup P C GL(V) is the stabilizer of a 
uniform lattice chain £, i.e., P — {g E GL(V) | gL % = U for all i). The Lie algebra 
of P is the parahoric subalgebra C Ql{V) consisting of = {p 6 0[(VO | C 
I? for all i}. Note that is in fact an associative subalgebra of gl(V). An Iwahori 
subgroup I is the stabilizer of a complete lattice chain, and an Iwahori subalgebra 
3 is the Lie algebra of I. 

For more details on lattice chains and the corresponding parahoric subgroups 
and subalgebras, see for example [14l 12]. 

There are natural filtrations on P (resp. *P) by congruence subgroups (resp. 
ideals). For r £ Z, define the ^-module to consist of X e *}3 such that XL 1 C 
i J+r for all i; it is an ideal of *P for r > and a fractional ideal otherwise. The 
congruence subgroup P r C P is then defined by P° = P and P r = I n + for 
r > 0. Note that these ideals are multiplicative, in the sense that *p r <p s = <p r + s . 
If we fix a form v G fi^y fc of order —1, the pairing 

(2.1) (X,Y) V = ResTr(XYv) 

identifies with (^ r+1 ) ± and (*P r+1 /<P s+1 ) v with s p-7 i £- r . There are sim- 
ilar formulas for v of arbitrary order, for example, ( < $ r+1 ) 1 - = rp- r +( 1 + ord ( I/ )) e . 
Throughout this section, we will assume for simplicity that ord(z^) = — 1, but all 
definitions and results can be stated for other v. 

Definition 2.2. Let V be an F vector space, and let (P, r, f3) be a triple consisting 
of 

• P C GL(y) a uniform parahoric subgroup; 

• re Z>o, with gcd(r, e) = 1; 

• (3 e ( s P7«p r+1 ) v . 

After fixing v as above, we may identify f3 with a coset f3 v +*P _r+1 C ^P _r /^P _r ■ 
Thus, we may choose a representative f3 v E Cp~ r for /3. We say that (P, r, /?) is a 
uniform stratum if /3y + fp _r + 1 contains no nilpotent elements. 

In this paper, we arc interested in strata that satisfy a 'graded' version of regular 
scmisimplicity. Fix a totally ramified field extension E/F of degree e, and let Oe 
be the corresponding integral domain. Let 

(2.2) T = (P x )"/ e c GL(V") 

be a maximal torus and let t = E n / e C fl((V r ) be the corresponding Cartan subal- 
gebra. We denote the identity elements of the Wedderburn components of t by Xj > 
and we write T(o) (resp. t(o)) for {o E ) n / e C T (resp. o^/ e C t). Moreover, write t b 
for the /c-span of the Xj and I* for (t b ) x . 

Now, suppose that (P, r, /3) is a uniform stratum. There is a map dp jS : *p s /*p s+1 — > 

<p S -r/fps-r+l given by dp, s (X+^ s ) = ad(A)(^) + < P s -'-+ 1 . 

Definition 2.3. We say that (P, r, j3) is a regular stratum centralized by T if it 
satisfies the following conditions: 

(1) T(o) c P; 

(2) ker{d^ s ) = t n <p s + <p s+1 for all s; 
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(3) yp = z r /3f, + < J} 1 is a semi-simple element of the algebra Cp/'P 1 ; 

(4) when r — (and hence, ep = 1), the eigenvalues of yp are distinct modulo 

Z. 

In fact, by [21 Theorem 3.6], £ induces a complete lattice chain on each Xj(Y) 
(with period e). Write Ij for the corresponding Iwahori subgroup. It follows from 
[21 Lemma 2.4] that it is the unique lattice chain Lj with C Ij. Moreover, if we 
fix a uniformizer we for o#, then we^j — Jj. By [3J Proposition 1.18], we deduce 
that the matrix wt — (cc_b, • • • , toe) G t satisfies the property vjt^ = = ^3 • 

Recall the following proposition: 

Proposition 2.4 ( 2, Proposition 2.10]). Let (P,r,f3) be a regular stratum central- 
ized by T , and let /3„ G ty~ r be a representative for ft. There is a morphism of 
i-modules 7r t : Ql{V) — > i satisfying the following properties: 

(1) 7r t restricts to the identity on t; 

(2) 7r t (^) C 

(3) the kernel of the induced map 

is given by the image of ad( s P^)(/3 zy ) modulo *p^ _r + 1 ■ 

(4) if yet and X G 01(f), tten = (y, n t (X)) v ; 

(5) Zet vr M : fp7«p £ +! -4 t/tn«p £+1 6e i/ie induced map, and set W e = ker(?r M ). 
Then, the induced map ad(/3„) : We — > Wt- r is an isomorphism. 

A connection on V is a fc-derivation V : V — > F 55 S]L. If r is a fc-derivation 
on P, we write V r for the composition of V with the inner derivation associated 
to r : V T (i>) = i T (V(u)). In particular, let t v be the derivation with the property 
that i Tv (y) = 1. 

Definition 2.5. Let (P, r, /?) be a uniform stratum. When r > 1, we say that (V", V) 
contains (P,r,j3) if V r „(P l ) C L l - r and (V T „ - A,)(P 4 ) C L l ~ r+1 for all i. When 
r = 0, and thus e = 1, we say that (V", V) contains (P, 0, 0) if (V T „ C 
for some lattice L\ 

Given a trivialization <f> : V — > F n , we write [V]^ for the matrix of V with respect 
to the standard basis of F n . By the Leibniz rule, V = d z + [V]^ where d z is the 
usual exterior fc-differential on F. The group GL n (P) acts transitively on the space 
of trivializations for F, and 

(2-3) Ma* = 9 ■ : = Ad( ff )[V]* ~ (d z g)g-\ 

If we have fixed a base trivialization, we will shorten [V] g ^ to [V] fl and [V]^ to [V]. 

In general, the left action g- on gl n (F) (^rt F ^ k is called a gauge transformation, and 

we say that two matrices X, Y G gl n (F) ® Qp/ k are gauge equivalent if there exists 
g G GL ra (P) such that g ■ X = Y. Thus, if V and V are connections on V, and 
[V]<£ is gauge equivalent to [V']^, then (V", V) and (V, V) are isomorphic. 

Now, suppose that (P, r, /3) is a regular stratum in GL n (P) centralized by a torus 
T. We denote the pullback of P and /3 to GL(V) by P^ and ^ , respectively. 

Theorem 2.6. Theorem 4.13] If (V ", V) contains the stratum (P*, r, £/ien 
t/iere exists p G P 1 and a regular element A v G tn^p -1 * suc/i iftarf p • [V]^ = A^^. 
Furthermore, the orbit of A v v under P 1 -gauge transformations contains (A^+^i 1 )^. 
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Remark 2.7. By [21 Lemma 4.4], the map *p~' r — > s p~ r / ( J$ 1 intertwines the gauge 
and adjoint actions of P. This implies that the functional induced on fp r /«p r + 1 by 
A u coincides with j3. 

We now define the "formal type" of a connection. 

Definition 2.8. Let A £ *p v \{0}, and suppose that < p r + 1 is the smallest congru- 
ence ideal contained in A . Let /3 be the restriction of A to yi r / < $ r+1 . We say that 
A is a formal type if it satisfies the following conditions: 

(1) the stratum (P,r,f3) is regular and centralized by T, and 

(2) any representative A u £ *p~ r for A lies in t + s $ 1 . 

The connection (V, V) has formal type A if there is a trivialization (f> : V 
F n such that (F, V) contains the stratum (P^, r, /3^), and [V]^ is formally gauge 
equivalent to an element of (A u + ty r )v by an element of P 1 . Finally, we say that 
two connections that contain regular strata are combinatorially equivalent if the 
strata have the same parahoric subgroup and slope. 

By [2j Corollary 4.16], any two connections with formal type A are formally 
isomorphic, and the formal type is independent of v. The converse is false, since 
any conjugate of A by the relative Weyl group of T is also a formal type for (V, V). 
However, fixing a stratum uniquely determines the formal type. For the rest of the 
section, we assume (without loss of generality) that P C GL„(o). 

Proposition 2.9. // V contains a regular stratum (P^, r, (3^), there exists a unique 
formal type A such that A\rpr = [3 and [V]^ is gauge equivalent to an element of 
(A u + s p 1 );/ by an element o/GL n (o). 

Proof. By Theorem 12.61 and Remark 12. 7\ (V, V) has a formal type A such that 
A\?pr — (3, and there exists p £ P 1 such that p ■ [V]^ = A„v, where A v £ t n < P _r . 
This formal type is unique, since [21 Lemma 3.16] implies that if [V]^ is gauge 
equivalent to A' v £ t n and A'Jyr = /3, then A' v + ( p 1 = A v + ty 1 . □ 

Finally, throughout the paper we will need to consider a slight variation on the 
formal type. Choose a uniformizer we for E such that w E — z; under a suitable 
embedding E g[„y e (C), such a way that 

(Q 1 ■•• 0\ 

(2.4) vj e = 

'■• 1 

\z ••• 0/ 

We choose a basis for each XjV ( an d hence for V) such that vdt is block diag- 
onal with these blocks. Using this basis, we define Ht = (He, ■ ■ ■ , He) £ 
as the block diagonal matrix with blocks given by the diagonal matrix He — 
diag(^-, ^p^, . . . , ^2^)- Let H' T £ *p v to be the corresponding functional H' T (X) = 
Ti{H T X)\ z l . 

Definition 2.10. Let (V, V) have formal type A. We define the normalized formal 
type of (V, V) to be A = A + H' T . 

Note that if e = 1, then A — A. 



ISOMONODROMIC DEFORMATIONS OF CONNECTIONS 



7 



Proposition 2.11. Suppose that (V, V) contains a regular stratum and has nor- 
malized formal type A. If A v G ^}~ r is a representative for A, then there exists 
p G P 1 such that p ■ [V]^ = A u v. 

Proof. If r = (so e = 1), this is just Theorem 12. 6[ so assume that r > 1. 
Note that H' T G (t^) 1 -. Therefore, part 4 of Proposition 12.41 imply that Tr t (H T ) G 
Part 3 of the same proposition shows that there exists X £ *p r such that 
a.d(X)A u G Ht rcs^) + ^P 1 ) so there exists p G P 1 such that p ■ [V]^ = A„z/ by 

Theorem l2.6l Moreover, exp(— X) ■ A v v G (A„ so there exists p' G P 1 such 

that p'exp(-A) • = A v v. It follows that (exp(X)(p') _1 p) • [^U = A v v. □ 

Proposition 2.12. .Any normalized formal type A is stabilized by T f] P 1 . 

Proof. Since ad(^p 1 )J?r G < P 1 , -P 1 stabilizes i/r+ < P 1 - Moreover, the corresponding 
formal type A is stabilized by T. □ 

3. Moduli spaces of connections 

In this section, we will describe the moduli space of connections on P 1 (C) with 
compatible framings and fixed combinatorics at each singular point. 

First, we recall the construction of the moduli space of framed connections on 
P 1 (C) with fixed formal type at each singular point [2]. Throughout, / will be a 
finite indexing set and x = {xi}i^i a collection of distinct points in P 1 . We denote 
the completion of the function field of P 1 at Xi by Fi and the corresponding power 
series ring by cv 

Let V be a trivial rank n vector bundle on P 1 , i.e., we have fixed a trivialization 
V = Opi . Accordingly, we may identify the space of all global trivializations of V 
with GL„(C). Note that a global trivialization determines a local trivialization of 
Vi := V ®e> P i Fi, so there is a natural inclusion GL ra (C) c — > GL n (i 7 i); moreover, the 
global sections of V generate a distinguished lattice Li C Vi. Suppose that V is a 
connection on V with the property that the induced connection on Vi has formal 
type Ai. We will assume without loss of generality that the associated torus Tj is 
contained in GL n (0j). Therefore, by [2, Proposition 4.14], Ai determines a unique 
stratum (Pi,r,Pi) in GL n (Fi). We also set mi = WT t - 

Throughout this section, £7, will denote the unipotent subgroup P i 1 nGL„(C) with 
Lie algebra Ui = ^3jnjj[ n (C). For simplicity, we write Qi for the parahoric subalgebra 
g[„(Oi); its radical is q\ = tQi. Note that Ui = P//(l + 0^) and Ui = ^/g 1 . 

Definition 3.1. A compatible framing for V at x^ is a global trivialization g G 
GL„(C) with the property that V contains the GL(14)-stratum (P?,r,f3?) defined 
above. We say that V is framed at Xi if there exists such a g. 

We now define the moduli space of connections with fixed formal type and a 
specified framing at each singular point. Set Ai — Aj\mi. 

Definition 3.2. Let Ai(A) be the the moduli space of isomorphism classes of 
triples (V, V, g), where 

• V is a meromorphic connection on the trivial bundle V with singularities 

at {xi}i£i; 

• g = {Uigi}i£i, with gi a compatible framing for V at i;; 

• the formal type A\ of V at Xi satisfies A^ = Ai. 
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The moduli space A4(A) is built out of "extended" coadjoint orbits A4(Ai) 
determined locally by each formal type A{. In the following, let A be a formal type. 
We define 7r<p : g v — » *p v and ir<yi : g v — > (^P 1 ) v to be the restriction maps and 1 
to be the orbit of A under the coadjoint action of P 1 . Also, when r = (so e = 1), 
we take (t b )' C fl[„(C) v to be the set of functionals of the form <j>{X) = Tr(DX), 
where D G is a diagonal matrix with distinct eigenvalues modulo Z. 

Definition 3.3. When r > 0, define the extended orbit M(A) C (U\ GL„(C)) x cj v 
to be 

M(A) = {(Ug,a) \ n^(Ad*(g)(a)) 6 1 )}. 
When r = 0, we define M(A) by 

M(A) = {(g,a) e GL„(C) x fl [„(C) v | Ad* (g)a e (t b )'}. 
There is a natural action p of GL„(C) on A4(A) given by p(h)(Ug, a) — (Ugh^ 1 , Ad* (h)a). 
Note that when r = 0, M.(A) is independent of A. 

Proposition 3.4. [2j Proposition 5.10] The space ftA(A) is a symplectic manifold, 
and p is a Hamiltonian action. The moment map for p is given by p, p (Ug,a) = 
res(a), where res(a) = a| fl[ 

Remark 3.5. If a v is any representative of a, then res(a) = Res(a y ^). 

Theorem 3.6. [2^ Theorem 5.4] The moduli space A4(A) is the symplectic reduc- 
tion of Yiiei M{Ai) by the diagonal action o/GL„(C): 

M(A) = (JJ M(Ai)) // GL„(C). 
iei 

Moreover, A4(A) is a symplectic manifold. 

Specifically, ]^[^ e7 A^(j4^) is a symplectic manifold, and the diagonal action of 
GL„(C) has moment map /^gl„ = J2i£i ies i- Thus, 

(Y[M(Ai)) // GL„(C) - AiG ijO)/GL„(C). 

iei 

In the remainder of this section, we describe a larger moduli space in which we 
fix only the combinatorics of (Vi, Vi) at Xi, and not the formal type. Again, it will 
be constructed as a reduction of the product of local pieces. 

First, we discuss these local pieces. If P is a uniform parahoric subgroup P 
with period e, r > is an integer such that (r, e) = 1, and T is a maximal torus 
such that T(o) C P, we let (fp/<p r+1 ) 1 v cg be the set of 7 e ( < p/ s p r+1 ) v such that 
(P, r, 7|qjr/rpr+i) is a regular stratum centralized by T. We also let A(P, r) be the 
subset of (^P/^3 r+1 )^ eg consisting of normalized formal types. Note that A{P,r) 
is the subset of ( s p/ < p r+1 )J y cg consisting of X + Ht, where X is stabilized by the 
coadjoint action of T(o). We also define ( < p 1 / < p r+1 ) 1 v og to be the projection of 

(W +1 ) r v cg onto cpy<r +1 ) v - 

Definition 3.7. If r = 0, define M(P,r) = M(A) for any A. If r > 0, define 
M(P,r) C (C/\GL„(C)) x [„(o) v by 

M(P,r) = {(Ug,a)\n v (Ad*(g)a) e 
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The space M{P, r) is a manifold; the argument is similar to the proof that A4(A) 
is smooth given in [2]. 

Set QJ = 7r- 1 («p/qr+ 1 ) r v cg C (fl/ ( p r+1 ) v . In the notation of Proposition El 

part ([5]), let W r C < p r be the subset of elements that map to W r (mod ty r+1 ). 
We define Z = (fl/W r ) v . Note that in the case r = 0, 23 = (fl/fl 1 )^ = (t b )' = 
■A(GL„(o),0) and Z = t h . 

Lemma 3.8. There is an isomorphism 03 Xjj GL„(C) = A4{P,r). Furthermore, 
there are open dense inclusions (*# /W +1 )? eg ^ (<P/W? r ) v , 53 ^ Z, and (^P 1 /^ r+1 )reg ^ 
($P7Wr) v m i/ie case r > 1. 

Proof. The first isomorphism is given by the map (v,g) (Ug, Ad* (g~ 1 )v). Next, 
we observe that (*p/^3 r+1 )J4g may be identified with an open subset of (t n ty~ r + 
qj-r-+l)/qji. By part © of Proposition [23 W r = (t n q3" r + ^- r+1 ) ± . It follows 
that (tn<p- r +fp" r+1 )/ s p 1 = (q3/W r ) v . The other inclusions are proved similarly. 

□ 

Proposition 3.9. There is a smooth map T : M(P, r) — > A(P, r) which assigns to 
(Ug,a) the unique normalized formal type in the P 1 -orbit of Tim (Ad (g) (a)). The 
fiber T~ 1 (A) is isomorphic to A4(A). 

Proof. Using the description of A4(P, r) in Lemma l3.8[ we will construct a smooth 
map £ : 23 x GL„(C) — > A(P,r) and then show that it [7-equivariant. 
First, we show that 

(3-1) (Wf +1 ); = A(P, r) x Tnpl P 1 / P r+1 , 

where TOP 1 acts on the right factor by left translation, and on the left factor by the 
coadjoint action. There is a natural map A(P,r) x TnP i p 1 /p r + 1 -» (fp/ ( p r+1 ) i v cg 
given by (Y,p) M> Ad* (p^ 1 )Y . The inverse map takes a regular functional 7 to the 
class of (A,p), where A is the unique normalized formal type in the P -orbit of A 
and A = Ad*(p)-y. 

We now define £' : CP /^P r+1 )reg ~ * A(P,r) as the projection onto the left factor 
of A(P, r) x TnP i P 1 /P r+1 ; this makes sense since the coadjoint action of TOP 1 on 
A(P,r) is trivial by Proposition ^. 121 In particular, it is clear that (Ad* (u)X) = 
X for any u G U. It follows that the map C( u iff) = ('(^(v)) is t/-equivariant, 
where U acts trivially on A(P,r). We define T to be the map induced by £ on 
9JXtfGL„(C). _ 

Finally, we see that A4(A) embeds into T~ 1 (A) by comparing Definitions 13.31 
and E31 Moreover, if (Ug,a) G ^(A), then TTqji (Ad* (5) (a)) G O 1 . Therefore, 

M{A) s r-!(i). 

□ 

Before proceeding, we need to recall some facts about Poisson reduction. Recall 
that if a Lie group G acts on a Poisson manifold M via a canonical Poisson action, 
then there is a corresponding moment map hm : M — > g v . The following result 
appears in [llj . 

Proposition 3.10 ([TTJ Examples 3.B, 3.F]). Let M be a Poisson manifold, and 
suppose that G is a linear algebraic group with a free canonical Poisson action on 
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M. If is a regular value for \im, then the Poisson structure on M induces a 
Poisson structure on M //qG = /i _1 (0)/G called the Poisson reduction of M . If 
the symplectic leaves of M intersect the G-orbits cleanly (in the terminology of [6l 
11.25, p. 180],), then the symplectic leaves of M //qG are the connected components 
of the symplectic reductions of those symplectic leaves of M that intersect /x _1 (0). 

Lemma 3.11. When r > 1, ( s p 1 / s p r+1 )^ eg has a natural Poisson structure. 

Proof. By Lemma 13.81 (^p 1 /^p r+1 ) I v og is naturally isomorphic to an open dense 
subset of (*p 1 /W r ) v . It suffices to show that ( < p 1 /W / r ) v is a Poisson manifold. 
Since pp 1 , W r ] C < p r+1 , and the Poisson bracket restricted to linear functions on 
(fpi/fpr+i^v is j ugt the ugual Lie Jacket on qjl/qj^+l, this impliesjdiat the ideal 

generated by W r C /<$ r + l is a Poisson ideal. It follows that (fp 1 /W r ) v = C 
(«P 1 /^ r+1 ) v is a Poisson space. Therefore (^V^ r+1 )reg is Poisson. □ 

Proposition 3.12. The manifold Ai(P,r) has a Poisson structure. When r > 1, 
the manifold Ai(P,r) is isomorphic to a Poisson reduction: 

M(P,r) = ((^Vr +1 ) r V e3 x T* GL„(C)) // U. 

The symplectic leaves of Ai(P,r) are the fibers of the map T. 

Proof. In the case r = 0, A4(P, r) = A4(A) by the remark following Definition 13.71 
Therefore, Ai(P,r) is in fact symplectic. 

We now suppose that r > 1. The space (^ 1 /^ r+1 )^ eg x T* GL„(C)) is a Poisson 
manifold using the Poisson structure of Lemma 13.111 on the first factor and the 
usual symplectic structure of a cotangent bundle on the second. 

The group U acts on ( ! p 1 / ( P r+1 ) I V og and T * GL n (C) via the coadjoint action and 
the free action induced by left multiplication on GL„(C) respectively; these actions 
are canonical Poisson. 

The moment map of the diagonal action is given by 

(3.2) fi(Y, ( 5 , X)) = - Ad*(g)(X)\ u + Y\ u . 

It is clear that fl is a submersion. 

If fi(Y, (g,X)) = 0, then Ad*(g)(X)\ u = Y\ u . Therefore, we may glue Ad* (g)(X) 
and Y together to obtain a functional tpy,x & (fl/^P r+1 ) v ; n °t e that ipy,x £ 23 if 
and only if Y € ( < p 1 /Cp r+1 )^ es . Using the description of A4(P, r) in Lemma [3~8l we 
define a map p : /i _1 (0) — > M(P, r) by 

(Y,(g,X)) i ^ {i>Y,x,g) G W r+1 Y xu GL„(C). 

The map is surjective, and the fibers of p are [/-orbits. 

The symplectic leaves of (ty 1 /ty r+1 )y eg x T* GL„(C) are given by x T* GL„(C), 
where is any coadjoint orbit in i^ 1 /^ r+1 )^ eg . It is obvious that the [/-orbits 
intersect the leaves cleanly. It now follows from Definition 13.31 and the fact that the 
A4(A) are connected that the symplectic leaves of M{P, r) are given by A4(A) for 
A a formal type corresponding to P and r. 

□ 

Lemma 3.13. The GL n (C) -action onM(P,r) defined by h(U g , a) = (Ugh- 1 , Ad* (h) (a)) 
is free canonical Poisson with submersive moment map n(Ug,a) = res(a). 
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Proof. By [21 Lemma 5.12], this action restricts to a free action on each symplectic 
leaf A4(A). To see that it is canonical Poisson, first observe that the GL„(C)- 
action on CP 1 AP r+1 )re 3 x T* GL„(C) given by h ■ (Y, (g, X)) = (Y, gh~\ Ad* (h)X) 
is canonical Poisson with moment map (Y, (.9j^0) ^ X. Since it commutes with 
the action of U, it induces a canonical Poisson action on the Poisson reduction with 
moment map given by the same formula. It is easy to check that this action corre- 
sponds to the given action on A4(P, r) under the isomorphism of Proposition 13.121 
Since (Y,(g,X)) corresponds to (*pY,x,g) and ves(ipY,x) = X, we obtain the de- 
sired expression for the moment map. Finally, by [H Lemma 5.11], /i is even a 
submersion when restricted to any symplectic leaf. □ 

We are now ready to construct the moduli space of framed connections on P 1 (C) 
with fixed combinatorics. Recall that x is a finite set of points in P 1 (C) indexed by 
I. Let P = {Pi}i £ i be a collection of uniform parahoric subgroups with periods 
such that Pi G GL„(oi), and let r = (ri)i e i with ri > and gcd(ri,ei) = 1. Also, 
fix maximal tori Ti such that T'j(o) C Pi- 

It is immediate from Lemma l3.13l that the diagonal action of GL„(C) on Yli^i M{Pi, J"j) 
is free canonical Poisson and that its moment map /x = Y] ieI res^ is a submersion. 

Definition 3.14. Define .M(x, P,r) as the Poisson reduction 

M(x,P,r) =Y[M(Pi,ri) // GL n (C). 

iei 

We also set A?(x,P,r) = /i _1 (0) and A(x,P,r) = Y\ l£l A{P l ,r l ). 

Proposition 3.15. There is a smooth map T : A4(x, P,r) — ► A(x, P,r) which 
assigns a normalized formal type Ai to V at each pole X{. The fiber T~ 1 (A) is 
isomorphic to Ai(A), and the symplectic leaves o/.M(x, P,r) are the connected 
components of these fibers. 

Proof. Since the maps Fi : A4(Pi,ri) — > A(Pi,ri) are GL„ (C)-equivariant (where 
GL„(C) acts trivially on A(Pi, r^)), Yii£i induces the desired map T. The state- 
ment about the fibers of T follows from Proposition 13.91 and the construction of 
M(A) in Theorem [SHI Finally, the symplectic leaves of (i^ , r^) are given by 

]X M(Ai), and they intersect the GL ra (C)-orbits cleanly. By Proposition ^. 101 the 
symplectic leaves of -M(x, P,r) are the connected components of Ai(A). □ 

Theorem 3.16. The Poisson manifold .M(x, P,r) is isomorphic to the moduli 
space of isomorphism classes of triples (V, V,g), where (V, V,g) satisfies the first 
two conditions of Definition \3.2l and (Vi, V;) contains a regular stratum of the 
form (Pi,ri,f3). The manifold _M(x, P,r) is isomorphic to the moduli space of 
isomorphism classes (V, V,g) satisfying the conditions above, with a fixed global 
trivialization <f>. 

Proof. By Proposition ^. 9[ we may associate a unique formal type A to every formal 
connection that contains a regular stratum (P, r, f3). Therefore, if (V, V, g) satisfies 
the conditions above, there is a unique element A e A(Pi,ri) given by the formal 
type of (V, V, g) at each singular point. In particular, by Theorem 13.61 (V, V,g) 
corresponds to a unique point in M(A). However, by Proposition 13.151 M(A) = 
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r (A). On the other hand, every point p £ -M(x, P,r) corresponds to a unique 
connection with formal type T(p). 

Now, suppose m = (t/j<?j, oj^jgj £ .M(x, P,r). Fix a global form v G By 
(|2.1[) . we may associate to a, a unique meromorphic form a^z/ with coefficients 
in Ql n (Fi). Since /^(m) = 0, ^ ig7 Res^a^) = 0. It follows that q determines 
a global form av, and thus a global meromorphic connection V = d + <w on the 
trivial rank n vector bundle over P 1 . It is easily checked that this gives a bijection 
between points in M(x, P, r) and triples (V, V, g). 

□ 

4. INTEGRABLE DEFORMATIONS 

Let X — P 1 (C), and let V be an n— dimensional trivial vector bundle on X. In 
this section, we will consider the deformations of a connection (V, V) which contains 
a regular stratum at each singularity. 

4.1. Formal Deformations. Without loss of generality, take x\ — and fix a 

parameter z at 0. We will suppress the subscripts on (Pi, r,, (3i), etc. when we work 
locally at 0. Let F be the field of Laurent series at and o C F the ring of power 
series. Define V to be the formal completion of V at 0, and let V be the induced 
formal connection. 

Now, let D — Spec(o), and fix a standard parahoric P and an integer r with 
gcd(r, e) = 1. We also fix a torus T, with T(o) C P, as in (|2.2[) . Let A be an analytic 
polydisk; we denote its ring of functions by R. A formal flat deformation is a flat, 
meromorphic connection (V", V) on D x A satisfying the following properties: 

• the vector bundle V is isomorphic to the trivial rank n vector bundle, and 

• the restriction of V to D x {y}, denoted by V a , contains a regular stratum 
(Py,r,0 y ). 

Fix a trivialization <j) of V so that we may identify all other trivializations with 
elements of GL„(o ® R). We say that the deformation (V, V) is framed if there 
exists a trivialization g G GL„(i?) with the property that = P g ( y \ (3 y = (3 9 ^ v \ 
and the regular stratum (P y: r : (3 y ) is centralized by T y :— T 9 ^ y \ In particular, 
any representative [fi y ) v £ for f3 y lies in t y + tyy~ r+1 by [H Remark 3.5] (with 
ord(» = -1). 

We denote «P A = q3 f <g> fl, ^ = q3^/«P^ hl , and t A = i ® R- We define P A and 
Ta similarly. Suppose that (y, V) is framed by g, and fix a nonzero one-form v at 
0. If ^ = u— , write = u. Let ^4(y) be the formal type of V at y. Using the 
pairing in (|2.ip . we may choose a representative A u (y) for A(y) of the form 

A Av) = {—t-r{y)^T r + • • • H — -t-iiy^r 1 + to{y))—, 

n n zv 

with U(y) G t^. For example, Ad± = (=^t„ r (y)m T r + . . . + ^■t^x(y)w^ 1 +t (y)). 

Recall that any element of t can be written as a Laurent series t = X^-at tj w T 
with ti £ i b . We define an endomorphism S e of t via S e (t) — Y^-n 

Lemma 4.1. Suppose t G tA- Then, zd z t — [t, Ht] = S e t. Moreover, any solution 
B £ A ((t + < P £ )/ ( P £ ) to the differential equation zd z B - [B, H T ] = S e t + t + ^ 
has the form B = t + / + ffi , where f £ t A . There is no solution when I > and 
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Proof. Since the equations are block diagonal in t, we may immediately reduce to 
the case where T = E x . A direct calculation shows that zd z w % T — [wt,He] = 
^w l T — 5 e (zu l T ). This proves the first statement. The second follows by applying 
the same calculation to each term of B up to zu^ . Note that zd z w^ — [Wy, He] = 0, 
so there is no solution when ^ ^ 0. □ 

As in the previous section, we will let p ■ [V] 3 denote the d z part of the gauge 
transformation formula: p ■ [V] s = Ad(p)([V] s ) — (d z p)p . Similarly, upon fixing 
v E tip(R), we write p-M = Ad(p)(M) - (r^p- 1 when M E gl n (F® c R). We will 
use d,£, and J to denote the exterior differential on A and P 1 x A, respectively. Sup- 
pose that A v is the normalized formal type associated to A v . By Proposition ^. Ill 
there exists an element p E Pa such that 

P(v) ■ [%]g = A v {y)v. 
Let oIa be the exterior differential on A. Define 

-l 

-4a (y) = ^ zu^dAU, 

i— — r 

so that d^Adz_ = S e AA + ^a^o- 

Proposition 4.2. Let p be as above. Then, p ■ [V] s — (d^p)p~ 1 — A v v + Aa + f , 
where f E f2^(t tl ) is closed. Moreover, to(y) must be constant. Conversely, if q S 
GL n (F <g> R) , / is closed, and to(y) is constant, then [V'] = q^ 1 ■ ^A v v + Aa + f) + 
Q (dAl) determines a flat meromorphic connection V' on V. 
Remark 4.3. The case e = 1 is proved in the Appendix of pQ. 

Proof. Note that the connection determined by p ■ [V] g — {d^p)p is flat, since V 
is flat and — (d&p)p is simply the g?a part of the gauge transformation formula. 
Conversely, if the connection determined by A v v + A a + f is flat, then V' is flat 
by the same argument. 

Without loss of generality, set v = — . It suffices to show that whenever [V] = 
Adz — + B for some B E Q, A (Ql n (F)), then V is flat if and only if B has the form 
A a + f ■ We observe that V is flat if and only if it satisfies the conditions 

(4.1) d A {A^) - zd z B +[B,Adz +H T ] =0 

(4.2) and d A B + B A B = 0. 

If B = Aa + f, (|4.2p holds trivially while P~T|) follows from the first part of 
Lemma FTTl so V is flat. 

We now prove the converse. If r = 0, then e = I and Ht = 0. In this case, we 
may take Adz = to (j/) to be a regular diagonal matrix with entries in R; moreover, 
no two eigenvalues of Adz differ by an integer. Setting B — B(Z £ with Bg £ 
fl( n (C), (|4.2|) reduces to [.B^Adj] = £Bi when I ^ 0. The eigenvalue condition 
now implies that Bp = 0. whenever £ ^ 0, by the condition on the eigenvalues of 
Adz_. On the other hand, [B ,Adz] = —dA{Adz). Since the right hand side is a 
diagonal matrix, both sides must be identically 0. It follows that ^(-4^) = and 
B E Qa(^) while the fact that B is closed follows from (|4.2|) . 
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We now consider the case r > 1. In the following, let to(y) be the constant 
term of Adz . Suppose, by induction, that B £ A A + f + n A (t b + (Note that 

B £ il 1 ^) for some L < — r, so the hrst inductive step is trivially satisfied for 
I = L). Applying the first part of Lemma T4. II with t = A A gives 

d A (A^) + [B, H T ) - zd z B e d A t + fl A (¥ e ). 

We deduce from dHJ) that [B, Adz] G d A t + n A (^ e ). 

When I < 1, d A t G ^i^)- This implies that [B, Ad*] G ft A (<P £ ), so B e 
Q. A {t + <# l+r ). Next, consider ^ = 1. By the I = step, we know that B G fi A (t + 
q3 r ). Part (3) of Proposition shows that [B, Adz] + ^XCP 1 ) e ker (^t ® If^)- 
Since ciA^o G f2 A (t b ), part (1) of the same proposition gives Ja^o & ^(^P 1 ). Since 
t b fl'P 1 = {0}, we see that d A to = 0. Thus, we may conclude that the inductive 
hypothesis implies that [i?,Adz] G ^a^P ) for £ > 1 as well. As before, B G 
fi A (t + <P*+ r ) cQi(t + ^ +1 ).* 

To complete the inductive step, we apply the second part of Lemma I4TT1 to obtain 
B G A A + il A (t b + Using the fact that the sum t b + is direct for £ > 1, 

we actually obtain / G ft A (t b ) such that B e A A + f + A (^) for all I. The result 
now follows since |"L ^ = 0. 

□ 

Definition 4.4. We say that a compatible framing g for V is good if there exists 
p G P A such that p • [V] s — (^ap)]^ 1 = A,^ + A A . 

Proposition 4.5. Every framed flat deformation has a good compatible framing. 

Proof. If g is a compatible framing, there exists p G P such that p • ([V] fl ) — 
(d A p)p^ x = (Adz + H T )^f + A A + f by Proposition [472] Since / is closed on A, it 
is exact. Choosing ip G t A such that f = d A (p, we obtain 

r/z 

Ad(e^) (p • ([V] 9 ) - d A (p)p _1 ) - <*a¥> - (A^ + H T )— + A A . 
It follows that e v g is a good compatible framing. □ 
4.2. Global Deformations. 

Definition 4.6. A framed global deformation is a triple (g, V, V) consisting of: 

(1) a trivializable rank n vector bundle V on P 1 x A; 

(2) an i?-relative connection V; 

(3) a collection of analytic framings g = (gi)iei, g% ■ A — > Ui\ GL„(C); 

(4) the restriction of (V, V) to P 1 x {y} must lie in A4(x, P, r) with compatible 
framing g(y). 

We say that a framed deformation is integrable if there exists a flat C-relative 
connection V on P 1 x A with P 1 part V. 

We note that (g, V, V) determines a smooth map A — > A4(x., P, r). Specifically, 
there are maps gi(y) and cti(y) such that the connection on the fiber above y 
corresponds to the point {Uigi(y) , oti{yj)iei G A / I(x, P,r) . 

Suppose that (g, V, V) is an integrable framed global deformation. If we fix 
a trivialization for V, we may write [V] = av + T, where T is a section of 
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r2^ c (End(V)) with poles along {xi}. The curvature of V is given by 

S(a, T) = d(av + T) + TA«i/ + ai/AT + TAT e ^AxP 1 ■ 
Thus, V is flat if and only if the following hold: 

(4.3) t„T = d A a + [T, a] and = d A T + T A T. 

An integrable deformation (g, V, V) determines a flat formal deformation (V^, V^) 
at each singular point. Therefore, if Ai(y) is the normalized formal type of (Vi, Vi) 
at y € A, Proposition 14.51 implies that there exists pi E P/ such that pigt ■ [V] — 
Ad^O^Aff^ 1 ) " (dAp^p- 1 = A itV v + A iA . Since p^d AP i E ^aOP 1 ) by 
Lemma 4.4], we deduce 

(4.4) T e Ad^W^A + Si - 1 d A5i + n A ((#)«). 

Set r e = (r-)j G / := ([^])j E 7, where [^-] is the integer ceiling of j-. Let D T be 
the divisor J2i£i r 'A x i\ on 

Definition 4.7. Let gt nP i denote the trivial g[„-bundle on P 1 , and let fll^pi = 
0( raP i(D r ) be the sheaf corresponding to the divisor D T 

Note that sections of gCjn have poles of order at most r\ at X{. 

Fix a set of parameters (zi)i£i at each singular point x\ with the property that 
each Zi has a pole at a fixed point lEo- Define a C-linear map fa : gl n (Fi) gl n (C) 
by 

(4.5) &(X)=Res Xi (X^). 

Thus, fa extracts the constant term of X at X{ with respect to 2j. This induces a 
map ^ : fl^FO/qjJ fl^CJ/ui. 

Next, we define a map c which assigns a global section of flCpi to a collection 

of principal parts at x. Given Xi G i ri /flii l et -^s e if^P 1 ; flQpi) De the section 
corresponding to the unique lift of Xi to Ql n (z^~ C[z^~ ]). 

Definition 4.8. The map q : TT lG/ flTVfc "> #°( pl ; 0& ) is S iven b Y 

(4.6) ?((X < ) ieJ ) = ^X i . 

We will usually write X° for <;((Xi) ie j). 

Remark 4.9. This map commutes with the adjoint action of GL„(C), i.e., Ad(g)(X a ) = 

(Ad(g)X)° for any g E GL„(C). Indeed, kd(g)(Xi) = Ad(g)Xi for each i since 
Ad{g) stabilizes gl n (zr 1 C[zr 1 ]). 

We are now ready to describe a system of differential equations satisfied by an 
integrable deformation. Let (V, V) be a deformation of (V, V) as in Definition 14. 61 
corresponding to a map (gi(y), cti(y))iei from A to -M(x, P,r). 

Fix a uniformizer zo a t ^o- 

Lemma 4.10. Iff has principal part a£ eac/i a;, and is holomorphic elsewhere, 
then V - T° = T'| zo=0 E fi A (fl[ n (C)). ffere, T° = sftT^g/) as a&owe. 
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Proof. Since T' and T° have the same principal parts at each singular point, T' — 
T° = X G f2 A (gl n (C)). By construction, T° and T' are holomorphic at xq, and 
T°| Z0=0 = 0. Therefore, X = V\ Zo=0 . □ 

Lemma 4.11. Given T G Q A (H° (P 1 ; gl*^ rl )) , define Tj = T + Qi. Any integrable 
framed deformation V is GL n {R)-gauge equivalent to a deformation av + T satis- 
fying T = ^((Ti) ieI ). 

Proof. Suppose that [V] = ctv + T'. Then, T' - (T')° = X E n A (gl n [C)) by 
Lemma 14.101 Since the image of is closed under conjugating by GL n (R), it 
suffices to show that there exists g G GL„(i?) such that T :— Ad(g)T' — (d A g)g~ 1 = 
Ad(.r/)(T')°. 

The system of differential equations g 1 (d A g) = X has a solution if d A X + X A 
X = 0. To see this, recall that d A X = d A T'| Zo=0 . By flatness, d A T' + V A V = 0, 
so d A X + X A X = (d A T + V A T')Uo=o = 0. □ 

Now, suppose that (g, V, V) is a deformation. Choose E P A such that pi-av — 
A^v, and write <?i = Pigi- Let Tj = Ad(g~ 1 )Ai A + f2 A (jjj), with corresponding 
global section T° G fi^fl^P 1 ; fl £" pl )). 

Theorem 4.12. ^4 good framed deformation (g, V, V) is integrable if and only if 
it is GL„(i?) -gauge-equivalent to a deformation satisfying the following equations: 

(1) 4>i(Ad(p^)(A iA ) + (dAft)ffr 1 ) e MAd( 9i )T ) + nXK); 

(2) d A a G t„T° + [a, T°] + ft A (fkf*); and 

(3) dT° + T° A T° = 0. 

Proof. Suppose that (g, V, V) is integrable. By Lemma [4.111 there exists a gauge 
g G GL„(i?) such that [V] 3 = av + T with T = T°. By Proposition gH 

(4-7) T G Ad&rV- A + §-^ A & + WUT- 

Therefore, condition ([T]) is satisfied by applying Ad(gi) and (pi. Moreover, av + T 
is flat, so conditions ([2]) and <j3j> follow from (|4.3p . 

To see the converse, note that condition ([l) shows that T° satisfies (I4.7p . Con- 
dition ((2]) implies that the cross-term of the curvature of av + T° is zero modulo 
8ij~t- Writing this term as J2fjdyj, where the dy/s are a basis for A , we see 
that fj G ^"(P 1 ; Dpi) = {0}. Since the term in fi A vanishes by condition ([3]), we 
see that the curvature vanishes. 

□ 

Corollary 4.13. A good framed deformation (g, V, V) is integrable if and only if 
there exists g G GL„(i?) such that 

(1) <MAd(< 7i )(<r 1 dA5 + T )) G <MAd( P ,r V A , + (^Aft)-?- 1 ) + ni(m); 

(2) d A a &T V T° + [a,r° + g-H^ + n^Qlj^)-, and 

(3) d A (T° + g- 1 d A g) + (T a + g' 1 d A g)A(T a +g- 1 d A g) = 0. 

Proof. Set [V] = av + T and choose g G GL„(i?) such that [V] s = aV + T' with 
T' = (T')°. The proof above shows that (g',a',T') satisfy the conditions in the 
theorem. One obtains the equations in the corollary by substituting T' — Ad(<?)Y°, 
a' = Ad(g)(a;), and g[ — g%g ■ The converse is proved similarly. □ 

Remark 4.14. It will be shown later in Theorem 16.81 that the third condition in 
these two results is unnecessary. 
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5. The Differential Ideal 

In this section and the next, we show that the equations from Corollary 14.131 
determine a Frobenius integrable system on -M(x, P,r). Throughout, we will hx 
a global meromorphic one- form v on P 1 (C). We will also use the convention that 
if B is a vector bundle on a manifold M and N C M is open, then we will write 
&} N {B) for £1 1 n {B\n). Furthermore, if a is a global section of £l\ f (B) 7 we will abuse 
notation and let a also denote 

5.1. Generators. We will construct a differential ideal I on «M(x, P,r) corre- 
sponding to the system of differential equations in Corollary 14. 131 Throughout, we 
will simplify notation by suppressing x, P, and r in the notation and using d for 
the exterior differential on all spaces whenever there is no risk of ambiguity. We 
will also write Mi = M(P l , n) and Ai — A(P t , n). 

Set i\ = t t n 5$ and T/ = T, n Pf. First, we define maps f 4 : M -> A and 
f iv : M ->• (t^ ri + H T )^: ^((U^-, o,-)ie/) = T^U^a,) and f„(([/ j5j , a^-)) 
is the standard representative of Ti(Uigi,ai) in *P~ r j^; with Laurent expansion 
(7_ r cc7r r + . . . + 7 n7 4 ° + H T )^. We also write f? for the coefficient of ra7?|^ in 

We identify the tangent bundle of At C (t,/t[ +1 ) v with Ai xt.^ r< /t| using the 
pairing (, ) d* t . The differential of the map fj : M — > Ai determines a section dTj 

offi^(trv^)co^rv^)- 

Identify A4i with QX,- Xy, GL n (C) as in Lemma f5T51 Throughout this section, we 
will use m,j = (vj,gj) £ 53^ Xu j GL„(C) to denote a point in Mi and m — (rrij)j£i 
to denote a point in M C Y\ ieI Mi. Let tpi : M — > L 7 i\ GL„(C) be the composition 
of the projections X ->■ Mi and ^ : TWi -> Ui\ GL„(C). 

We are now ready to define a collection of differential forms on M. 

(1) Define an endomorphism of by 

Sc{t-jrup) -- 

Note that if t = Y?,iL-N ^i^Oi, then 5 e (5 e \t)) =t—to. We obtain an induced 

map 5 C ' : ^(tPA, 1 ) ^ ^(tr'A, 1 )- 

We shall clarify the dictionary between this notation and the notation 
in Section EU Set Aj^ . = S c \df t ) e ^(tp/i;). If v = the first 
part of Lemma 14.11 implies that 

(5-1) r v A Ui - [A u ., t lv ] = dt iv - df? + i\. 

Below, we will apply Proposition [472] several times with Aj^ . and Ti V — T° 

playing the roles of Aa and A v respectively. 

(2) Recall, from {33]), that = A t x T iPl/P[ +1 . Given m, e 

A^i, we may write 77^(1^) = (a,i,pi) g ^ x T iPl/P[ i+ . Thus, a,; is the 
image of t>i under the map Ti from Proposition 13.91 and pi is characterized 
by Ad^Ni,^)) = ^ Define a bundle = GL n (C) 
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over C/j\GL n (C), where Ui acts on GL„(C) by left multiplication and on 
Vr/Vi b y Ad - We define e MfaWiBi)) by 

(5-2) $,(m) = Adf^ 1 )^.). 

Note that $j is a well defined section of fii-j.(^*(Sj)): if u G £/j, then 
u{oLi,pi) = (ai,piU _1 ); it follows that Ad(u)$j(um) = 3>j(m). 

(3) We define a third form T° on M. which has coefficients in iJ°(P 1 ; gfpi)- 
The form 

is well defined on Af, so the product $ = ($j)j E j determines a form 
in ^(n ie /(( s P l rn ) 9 70 l ))- Using Definition EH we set T° = G 
f^(H°(pi; fl [- pl )). 

(4) The next form, 0j, is defined on A4 with coefficients in ip*(T(Ui\ GL„(C))). 
Here, we identify T(Ui\ GL n (C)) with m\flI n (C) x U( GL„(C) in the usual 
way. Define a section of fi^-W^E/A GL„(C))) by 

0<(m) = (^)ft 1 + &(*0 " <MAd(. 92 )(T )) + fi^( u< ), 

where </> is the function defined in (|4.5p . The form 0^ is a well defined. By 
construction, 4>i(<&i) is a well defined section of Ql^(ip*T(Ui\ GL n (C))). 
Furthermore, Ad(u l )0 l (Ad(g l )T°)(-« 4 m) = <^ i (Ad(s' i )T )(m) and 
d(u l g l )g^ 1 ur 1 g Ad(u i )((d 5i ) 5 r 1 ) + fii^m). 

(5) By Theorem l3.16l each point of M. determines a unique form av G i?°(P 1 \x; Oii (g[ nP i)). 
In particular, da is a one-form with coefficients in _ff°(P 1 \x; $j[„pi ). Note 

that da depends on the choice of global form v. 

(6) We define the last collection of forms on M. to have coefficients in [Q i Ti ^ ) / (g* ) ; 
where r e = (rQi E j as in Definition 14.71 Let Si be defined on M. by 

mvi,9i)iei) = r,T° -da- [T°,a] + ^(qA. 

Intuitively, we have a framed global deformation on any neighborhood of A4 iso- 
morphic to an analytic polydisk determined by g = (<7i)i E j and V = d + av (see 
Definition 14. 6|) . Here, T° represents the dy term of the connection (up to a section 
of f2^(gl„(C))). The form 3^ corresponds to the expansion, in non-positive degrees 
of Zi, of the dz A dy term of the curvature. Moreover, the vanishing of 0,; gives a 
relation on the framing gi analogous to part (pj of Theorem 14.121 

5.2. The Differential Ideal. We are now ready to construct a differential ideal X 
on M. corresponding to the isomonodromy equations in Section El Throughout, we 
fix sections §i of the trivial GL n (Oj)-bundle over M. such that gig^ 1 G P 1 and §i-a — 
t iv . We write pi = gig' 1 ■ Observe that Ad^O?" 1 ^) G {dgijg^ 1 + fiW$J3j) and 

Pi=kPl i+1 - 

For convenience, we will take A'~ G ft 1 —- ft.- r ) to be the lift of A 77 . which has 

M,i v 1 ' M,% 

zero components in positive degrees. By Lemma |4. 11 this lift has the property 
(5.3) t u A'^. + [t iv , A'-J = df iv - df°. 
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Moreover, dA'~ = 0, since A'~ = ScHdTw). The same holds for At-: .. 

If B is a vector bundle over Ai, a € Cl*—(B) and J is a differential ideal on 

we will use the shorthand "er G J7" to mean cr e I®o- B. If £>' is another 
bundle and f : B B' is & bundle map, then a € J implies that /(cr) G J\ In 
particular, this is the case if the bundles are trivial with / induced by a C-linear 
map on their fibers. We also say that J is generated by a if it is locally generated 
by the coefficients of a in a trivialization of B. 

Throughout, we may assume that v = — when working with H» and O^. Let 
Xl = UMig^A'^+g^d^-T ) G fty fl l n (C)). Note that Ad( 5i )fe)+^(Ui) 
is a well-defined section of the bundle Bi from the previous section. Choose some j G 
/. Let I be the differential ideal on M. is generated by H< — [xj, a], Oj — Ad(ffj)(xj), 
and fir? for all i £ I. We will show late that this definition is independent of the 
choice of j. 

Theorem 5.1. 

(1) The differential ideal I is a Pfaffan ideal which satisfies the Frobenius inte- 
grability condition dl C T and therefore determines a foliation ofA4(x, P, r). 
Moreover, any map f : A — >■ M corresponds to a framed integrable defor- 
mation if and only if f*X = 0. 

(2) The ideal I is the pullback of an integrable Pfaffian differential ideal I on 
jVt(P,x, r), and any map f : A — > M. corresponds to a framed integrable 
deformation if and only if f*T = 0. 

We will prove this theorem in the subsequent two sections. The remainder of 
this section is devoted to a local analysis of the ideal X which will be useful later 
on. 

Over a sufficiently small neighborhood Ni C [7j\GL n (C), we may choose a 
smooth algebraic slice of coset representatives cr, : Ni — >• GL„(C). Let N C GL„(C) 
be the inverse image of Ni, and let N = C\ ieI ip~ 1 (N i ) c M. 

For brevity, we will write gf — <7i{Uigi). When % G fl'n(C) = T g ? GL„(C), we 
write x a € S'n(C) for the image of x under the tangent map corresponding to the 
composition Ni -> N ^> N. We also define Of G nJ / (fll n (C)) by 

(5.4) 6^ - (fff)- 1 ^? + T*ifa($i) - ^(Ad( 5l )(T ))). 

Observe that Ad Of )(©f ) + fij^m) = 0^; indeed, Of = Tcr 4 (0 4 ). 
We define a map & : — >• fijy using the residue-trace pairing in (|2.1|) : 

(5.5) &(A) = (Ad( fl f)(S i - [Of, a]), A),. 

Lemma 5.2. Lei J be a differential ideal on N C AW, and Ze£ S te a section of 
Oj v (q3- R /fl 1 ) /or some integer i? > 0. L>e/«e f G ^(0 V ) £P0 = (S,X) V . 
Then C J if and only if 3 6 J, Furthermore, £(*P S ) G J if and only if 

sej + fij v (r +1 ) 

Proof. By assumption, fp^ 1 c ker(£), so £ induces an element £ G Homc(fl/ s P' R+1 , fijy) = 
O] v ((0/ s P fl+1 ) v ). Note that £(g) C J if and only £ € J. Moreover, £ and 5 corre- 
spond under the isomorphism (fl/ ! $' R+1 ) v = ^P~ R /q X given by the perfect pairing 
so £ G if and only if S G J. The first result now follows. A similar 
argument, replacing g with ty s , proves the second statement. □ 



20 



CHRISTOPHER L. BREMER AND DANIEL S. SAGE 



We will write p for the action of GL n (C) on Yliel (This is the product over 
the action of GL„(C) on each factor A4(P,r) from Lemma [3.130 Define Tg^ C 
Yiifzi T(A4j) to be the subbundle of T(J| ie/ Af;) consisting of vectors tangent to the 
GL„(C)-orbits. Since the action of GL„(C) is free, this is an integrable subbundle. 
Moreover, the action map of p gives an isomorphism between the trivial g[„(C)- 
bundle on Yliel an< ^ Tj^. 

We may identify the preimage tp~ 1 (Ni) of N in A4i with 03^ x N via 

(v,g t ) i ^ (Ad(gf gr l )v, U igi ). 
Thus, there is a local isomorphism 

(5.6) T(^ 1 (iV l )) = T(Q3 l )xT(iV l ). 

This equation induces a local bundle map p^ : T g[n |jv — > T(2Ji) C T(Yl ieI ^ 1 (N i ))\ N . 
We also have a global bundle map pp : T 0[n \ N — > tp~ 1 T(U i \ GL„(C)). 

Recall from Lemma [3.81 that 5?i is open dense in Zi = (Qi/W Ti ) v . Therefore, 
T(2Ji) £* QJi xZ,. 

Lemma 5.3. Let \ be a section of fi^Tg^). Then, pf(x) = — Ad(<7,)(x) + u « £ 
Moreover, p^x) S f2]y(Z 4 v ) is the functional defined by Ad(gf) ([x — X° 

Proof. The action of GL„(C) on Ui\GL n (C) is the usual (left) action, h(Uig) — 
\Jigh~ 1 . The first statement follows. The map Ni — > Ui defined by g n> g{g a )^ 1 has 
tangent map X n> KA(g a )(X — X a ). Since the projection from the ipi(Ni) C .M; 
onto QJj has the form (vi,gi) H> Ad(gfg~ 1 )(w i ), it follows that p^(x) = [Ad(<?f)(%- 
x "),Ad( 5 f )(<*)]). ' □ 

Choose a vector space lift C g,: of gi/W-^. Define e (^i) v — by 
^•T = &lz> using the notation in (|5 . 5|) . In other words, is the functional 
on % determined by Ad(sf)(Hj - [6f,a]). The /-tuple k = (-Sf , 6 4 ). iG / deter- 
mines a section of ft]^(J\ ieI T(A4i)). We define k to be the differential form on 
^;v((II»ej T (-Mi))/ T si„) determined by the image of k. 

Definition 5.4. We define I CT to be the differential ideal on N determined by the 
coefficients of k and by dT® for each i E I. 

We wish to show that X a is the restriction of I to N. 

Lemma 5.5. Suppose that J is a differential ideal on N containing dT® and X * s 
a section o/f2]^(T fl [ ). If 

Ad( 52 )(T°) + Ad(ft)(x) - (^)sr 1 e $ 4 + J + ^CPl), 

fen Ad^H, - [X,a]) E fiMPtf,Ad(ft)(a)] +<P}f*) + J. 

Proof. Without loss of generality, let v = By construction, t v (A'~ .) — dT^ + 
dfo + [fiv,A'~J = 0. Write a' = gr 1 ■ (t iu - fj), so a - a' = Ad(.gr 1 )(f °). Set 
T = Ad(gri)^.+§r 1 ^. 

By Proposition S3 g^ 1 • f(f 4j/ - f f)v + A'~ .) + ff^ 1 ^ = aV + T determines 
a flat connection on Spec(Fi) x AT. Therefore, t„(Y) — da' + [a', T] = 0. It follows 
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that 

7-„(T) - da + [a, T] = - Ad{g^)dt ? G J. 
By definition, Ad^r*)^. + ^(C#) 9 = Ad^f 1 )^ and g" 1 ^ € g" 1 ^ + 
^^(CP^) 9 *). Therefore, subtracting the above expression from Hj — [x, a] and using 
the hypothesis yields 

- [x, G r, y (T° + x - Ad^r 1 )^ - ft 1 ^)- 

[T° + X - Ad&r^- . - a] + ^(CP!) 9 ') + J- 

The lemma follows after applying Ad(^i) to both sides of the equation above. □ 

Lemma 5.6. Let J be a differential ideal on N satisfying the following property: 
there exists a section \ °f f2jy-(T g [ ) such that 0,j + pp( X ) G J for all i. Then, 

Ad( 9l )(T° + x )e Ad(p^)A'~ % + {dg^gi 1 + Sfaffi) + J. 

Proof. We note that T° - Ad(g i " 1 )(A~ .) G ^rj(fli) by construction. Since the 
map 4>i induces an isomorphism ^P*\fli = Uj\g[ n (C), it suffices to show 
&(AdCffO(T + x ) - Ad(pri)(^.) _ (dft)ffr 1 ) e J". 

This is equal to -0 4 + Ad(p;)(x) + ^]v( u as a section of Q} N (ij)*T (Ui\ GL„(C))). 
By Lemma 15.31 

-Qi + Ad( gi )( x ) + sijfim) = -®i - pHx) g J. 

It follows that Ad(. 9l )(T° + x ) G Adfjr 1 )^ .) + {dg^gr 1 + fi^Ctf) + J- 

□ 

Proposition 5.7. On a sufficiently small neighborhood N, there exists a section 
X of Q]y(T fl [ ) such that k + x £ Any such x will satisfy the conditions of 

Lemma \5.6\ for J = X a ; furthermore, X a is generated by Sj — [x, a], &i +p[ J (x); 
and dT® . In particular, X a is independent of the choice of lift Z{ . 

For the next few results, we will assume that N is taken to be sufficiently small 
as in the statement of the lemma. However, we shall see below in Corollary 15.101 
that we may choose x to be the restriction of the globally defined Xj ■ 

Proof. Shrinking N if necessary, we may choose a direct sum decomposition YiiPi T(.M 
T BtJjv®T^. Here, T^ = ((Y[ ie i T (^))/ t B i„)Ijv- Thus, we may choose a sec- 
tion x of fijy-(T fl [ n ) such that k + x 6 I a ■ In particular, 6i + p^(x) G X" and 
-Ef + pP(x) G X°. By Lemma [5H 

Ad( 5i )(T°) + AdfoXx) - (dgjgr 1 G Ad(p^)(A' M .) +X° + 

The right hand side is equal to $, + X a + Q^($ij). We may conclude, using 

Lemma[531 that Ad( gi )(E t - fact]) G rt 1 N (^7 n+1 ) + X a . 

Consider the identity 
(5.7) 

Ad( ff f)(-H i + [07, a] + \ X -x\ a]) = Ad( 5 7)(_ H< + [x, a]) + Ad( 5 f )([6f «])• 

Note that 0f — x' 7 £ ^ivAflWQ) nes m since it is the image of 0^ + pj (x) 
under the tangent map of <jj. We obtain that the right hand side of (15.71) lies in 
n 1 N (y- r * +1 )+X' 7 since 07- X CT G ^(fltJC)) is the image of 0,+p^x) G X CT under 
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the tangent map of cr,. The left hand side determines a functional ^ 6 ^jvCfJiO 
using the residue-trace pairing. Equation (|5.2|) and the second part of Lemma 15.31 
show that i[ is equal to -&+pF(x)- It follows that (-^ + p"(x))( ( P?) C X a . Since 
Wr, C %\ we see that % + %' = 0,. Thus, + pj 1 (*))(&) C T a . LemmafO 
implies that both sides of (|5.7j) lie in X a . In particular, Si — [x, a] G I CT . 

Finally, let I' be the ideal generated by — [x,ct], 0; + pp(x)j an d dT°. 
Since —2^ + pj^x) is the restriction of the difference of the first two genera- 
tors, it lies in the ideal I' . Therefore, k' = k + \ lies in I' . The image of n' 
in ^j v ((n i ( T (^)))/ T o[J is k,sok£ I 1 . It follows that l a =1'. 

□ 

We will now show that I a is the restriction of I to N. 

Lemma 5.8. Let J he a differential ideal on N. Suppose that X £ fl^i^pj) 
satisfies 

(5.8) T v {X)-[X,f iv ]eJ. 
Then, X G J. 

Proof. Without loss of generality, assume that v = ^ and t„ = Zid Zi . To sim- 
plify notation, we will suppress the subscript i in the proof. Let ip : H, 1 ^^ 1 ) — > 
^£f(^~ r+1 ) be defined by tj){Y) = t v {Y) - [Y,f u ]. 

First, we prove the case r — 0, so e = 1 and P = GL„(o). Note that T u G (t )' 
by Definition E3] and t v (Y) = IY for Y 6 n^(z e glJC)). It follows that ijj : 

z l gt„(C) — > z e gt„(C) is an isomorphism, since —I is never an eigenvalue of ad(r„). 
Now, suppose that X G n 1 - (g e ) + J for I > 1, say X G Xg + Q^^+^ + J for some 

Xg G ni-(z*fll n (C)). (This holds trivially for I = 1.) We sec that the image of 

ip(Xe) 6 r^(g £+1 ) + J\ However, we have shown that t/j induces an automorphism 

of n 1 ~(g e /Q e+1 ), so Xi G ^^(S^ 1 ) + J- B y induction, we conclude that X e J. 

Let We = ker(7f t ) C *p £ / ( p £+1 . We define the projection p t : gl n (F) -> ker(7T t ) 
by Pt(^) = X — TTt(X), and write p t : y$ e /ty e+1 — > for the induced map on 
cosets. Let if) : ^oOP 1 ) -> ^~CP~ r+1 ) be defined by ^)(F) = t v (Y) - [Y,f v ]. 
Since Lemma O states that ^(i) = 5 e (t) G t for all i G (t 1 ), p t o ip(t) = 0. This 
implies that Pt^OO) = p t (ip(j? t (Y))) for all Y G ^~(<P f )- 

First, we show inductively that X 1 — pt(^) G J. Suppose that X' G + 
^~(<P £ ), say X' e X; + J with G fi^OP*). Since ip(X) G J, we obtain 
p t (-0(X;)) = p t (^(X))+ J C J. By part © of Proposition OH the map $ : W e ->• 
We_ r induced by p t o-0 is an isomorphism, so G J + Vt 1 -^( t !^ l+1 ). It follows that 
X' e J + 57i~.(*p f+1 ). Since the inductive hypothesis holds trivially for £ = 1, we 
conclude that X' & J. 

We now have X G 7r t pf ) + J and also 8 e (ir t {X)) = r/j(ir t (X)) = ip(X) -ip(X') G 
J . Since <5 e is an automorphism of t 1 , this gives ~K\{X) G and hence X e J. 

□ 

In the following, let x be the section of T s i n \n constructed in Lemma 15.31 
Proposition 5.9. The following identity holds modulo X a : 
T° + x g Ad&r 1 )^-, + ft'dft + 



ISOMONODROMIC DEFORMATIONS OF CONNECTIONS 



23 



Proof. By Proposition 15. 7\ 

dr- 

r v T° -da- [T° + %,«] + VUs] — ) = Sj - [x, «] £ ^- 

Thus, if is a global meromorphic one- form on P 1 , we obtain t/A(r 1/ T° — da — [T + x, ct]) S 
1°". This follows from the observation that the principal part at each Xj £ P 1 lies 
in I a . Applying the interior derivative i Tv implies that 

(5.9) r„T° -da- [T° +x,a] el". 

Now, we set v = 4z± and t v = Zl d z .. Note that T° - Adig^MA'- ) £ nWfk) 
by construction. Therefore, setting = 

Ad(<?f)(r ) + Ad( 5 f)( x ) - (AdCCpf)" 1 )^.) + (dflfXtf)" 1 ) G 

- MWM)- 1 + Admr 1 )^) Ad( 3 D(T )) + Ad( 9 f)( X ) + n^(^) = 

-Ad(. 9 f)(ef-x)eI CT . 

It follows that T° + x G Ad(gr + g" 1 ^ + 1°" + ^^(qjj). 

Let T' = Ad((7i)(Y° + x) ~ (dgi)9i ■ From the argument above, we see that 
T' - A' Ui £ n^(«Pj) + X" . Substituting Ad^XT') + g^d 9i = T° + x and 

Ad(g^ 1 )T il , + g^Tvijji) = « into (|5.9[) . we obtain 

T V {r')-dT iv -[r',T iv \£Z°. 

Since df»„ - dt ? = r^A'— ) - [A'~ , f^l by dO), we deduce that 

The left hand side lies in I' 7 , since dT® £ I a . The statement of the Lemma now 
follows, since by Lemma [5781 T' — A'~ £ I a . 

M,i 

□ 

Corollary 5.10. The sections Xi °f T t satisfy k + Xi £ Z a ■ Moreover, Xi G 
Xj+Z a and dxi + Xi A Xi G I CT . 

Proof. Let x be the section of T fl [ n constructed in Proposition 15.71 To prove the 
first statement, it suffices to show that Xi ~ X G I'"'. However, for any i £ I, 

Xl -X = ^{Adigr^A'j^. + g^dg, -T°- X )er 
by Proposition 15.91 

In order to prove the second part, we recall that T° is defined as It 
follows that dT° = ?((d$j)j- e /). By construction, = Ad^ 1 )^^.). Therefore, 
G Ada/, 'i.l.v,,.,.'/, ; '/'// + ^(flj) since dA^. = 0. 
By Proposition Ell AdQ^A^ + g^dfjj £ T° + Xi + We conclude that 

[Ad(s7Vjw,i>S7 lc %] e -( T ° + Xi) A (T° + x.) + ^(flj), 
and moreover ?((df j- )j 6 j) £ -<r(((T° + Xi) A (T° + X i)) - eI )+Z a ■ Thus, by LemmagTTOl 
(T° + x.) A (T° + x.) + ?((d$i W) G x, A x/ + I a - 
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Finally, 

d{Ad{g7 l )A^.+gT l dg i ) = 

- (Adfor 1 )^ + g^d gi ) A {Ad(g^)A^. + g^dgA 

6 -(T + x . i )A(T° + Xl )+I ff - 

It follows that 

dXi +X^^X^ = & (d (Adigr^A'-. + g^dg, - T°) ) + Xt A Xl 

€ ^i(-(T° + Xi) A (T° + Xi ) + (T° + X i) A (T° + X i) ~ X* A Xi ) + X^ A X r + 1? 
= X a . 

□ 

Corollary 5.11. Fix j G I . The ideal X" is generated by Sj — [xj, a], ©i + P^Xj); 
and dT® for all i £ / . in particular, I a is the restriction ofX to N , and I does not 
depend on the choice of j . 

Proof. By Corollary 15.101 Xj satisfies the the conditions of Proposition 15.71 The 
same proposition implies that X" has the given generators. 

□ 

5.3. Invariance. In this section, we will show that X is the pullback of a differential 
ideal X on A4(P, r, x). Moreover, the ideal X is Pfaffian and intcgrable. 

Proposition 5.12. Let X be a section of T s i n , and take uj € X. Then, txw G I. 
In particular, if uj £ I Pi then lxoj — 0. 

Proof. It suffices to show that the generators of T are in the kernel of ix ■ Since Ti 
is invariant under the action of GL„(C), we see that LxdT® = and ix{A^ .) = 0. 
It follows that any term involving Aj^ . lies in the kernel of Lx ■ We now calculate 
— [xj,a])- By the argument above, 

tx(3i) = tx(-rfa) = -[X,a]. 

On the other hand, 

(5.10) I'xiXj) = Lx<f> 1 (gJ 1 dg J ) = -X. 

It follows that Lx(^i — [Xji a ]) = — [X, a] + [X, a] = 0. On the other hand, 

LxiQi) = i X ((dg l )g- 1 + n 1 ~(u t )) = Ad( 9l )(X) + u 4 . 
Using HSHQD , we see that t x (0< + p^(X)) = Ad(^)(X) - Ad(g;)(X) + u 4 = u 4 . □ 

We now show that the ideal X is GL n (C)-invariant. 

Proposition 5.13. Let g : V — > GL„(C) be a function defined on a neighborhood 
V C M, and let p g : V — > M. be the map determined by the action of g. Then, 
p* g X = X. Moreover, p* g (S t - [ Xj ,oi]) = Ad(g)(S I - [Xj,ct]) and p*(0 2 + pf(Xj)) = 
Oi + pfiXj))- 
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Proof. First, we calculate p* g ( X j). One easily checks that 
(5-11) p* g ( Xj )=Ad(g) Xj -(dg)g- 1 . 

We also see that p*(3*) = Ad{g)(E i )-[(dg)g- 1 , a] andp*(6i) = - Ad(g i g- 1 )((dg)g- 
Qi. We see that p* g {E, - [ Xj ,a]) = Ad(g)(S i - fact]) € X and ^(6* + pffo)) = 
©» + PKXi) G Finally, p*<2f? = df°. It follows that p*(2) Cl □ 

In the following, M. — M.{P, x, r) and q : M. —> M. is the natural projection. 

Corollary 5.14. There exists a differential ideal X on M. (P, x, r) such that q*X = 
X. 

Proof. Since M. is a principal GL„(C)-bundle over Ai, we may choose a cover of 
M by neig hborhoods W with the property that g _1 (MK) = GL n (C) x W. Define 
0f and Sf on q~\W) by 0f «,) = 8, + pf( Xj ) + Sl 1 ^) and E?(g,w) = 

Ad(<7 _1 )(Si — [xj,a]). It is clear that the collection 8f , Ef, and dP? over all i G 7 
generates By Proposition [5351 p* h (@f ) = 6f and /3£(3f ) = Sf . 

Proposition 15.121 shows that each of the generators determines a well-defined 
form on q*T(W) T^-^W"))/ flI n (C). By invariance, 6f , Sf , and df? descend 
to differential forms on T(A4). These generate the ideal X. 

□ 

6. Integrability 

We will now show that X is an integrable Pfaffian system in the sense of [7j 
II.2.4]. In general, if J is a differential ideal on a smooth variety X, we write 
J 1 = JTiilx- It suffices to show that the coherent sheaf I 1 is locally free and that 
dXcX. _ 

Let J be the ideal on M. generated by Sj, <7F°, and 9i for all i 6 7. Note that 
X C J . We will first show that J is a Pfaffian system and that I 1 C J" 1 has 
constant corank. 

We need to describe a (local) minimal basis for J. Since J is independent of the 
choice of one-form we may assume that v = ^ when working locally at Xi. As 
in Section IST21 we will restrict to sufficiently small neighborhoods Ni C Ui\ GL„(C) 
and the corresponding neighborhood JVcM. 

By part © of Proposition ^. 4[ the map 7r ti induces a map 7rJ. : — > tiAP- 
Choose a vector space lift Z° d C tyi of ker(7rj. ) and a lift Zf C £ji of Qi/Vpi. Note that 
these vector spaces are trivial when r = 0. We define locally the 'off-diagonal' and 
u components of E t to be Ef = &| z „ d € 0^((Z od ) v ) and E» = ^\ Z u e 0^ r ((Z, i u ) v ) 
respectively. 

Proposition 6.1. The ideal J\n is generated by ®i, E° d , Ef, and dT® for i 6 7. 

Proof. As above, we assume that v = =j&. By Lemma [521 it suffices to show that 
lies in the ideal J7' generated by dF®, 0i, E° d , and S", since J7' C J. 
Let J7i be the ideal generated by 0i and dT® for each i £ I. By Lemma 15.61 
(applied with X = 0), T° e Ad(g- 1 )A^ + gr 1 ^ + r!k / ((<pi)9.) + Ji- Lemma[53] 
states that 

(6.i) Ad(flf)Si e nk([#,Ad( ff f )(<*)] + <#) + Ji c n^(qj- r+1 ) + Ji. 
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Therefore, C Ji. 

We will now show that Ad(yf )(Si) G J' + fijvCPi)- Take 1 < 3 < r : and 

assume 

inductively that there exists X G fi]y(^) such that 

(6.2) Ad(gf)3t G [X, Ac%f )(a)] + J" + ttjvOft 1 ). 

Part © of Proposition shows that [X,Ad{gf)(a)] + 0] v ( ( P^ r+1 ) G ker(7f ti ). 

Thus, by part ^ of the same proposition, ([X, Ad(gf)(a)], = {0}- Since 

Ef G J' , ([A,Ad( 5 f)(a)],r}„ G J' for F G ker(7r^)nq3 r - J '. Combining these two 

facts gives ([X, Ad(gf)(a)],^ r ~ j ) v G J 7 , and we conclude that [X, A<%f )(«)] G 

°jvCPi~ r+1 ) + Part © of Proposition H3I now implies that X G 7r t (X) + 

fi Jv(^Pi +1 ) + 3'- Finally, since there exists p G P/ such that Ad(p)(Ad(sf )(a)) G 

tf + qji, we see that X- Ad(p- 1 )( 7 r t (X)) G ^(^f*" 1 ) + J' satisfies flO) for j + l. 

By induction, we obtain (JO) for r + 1. This gives Ad(gf )(Sj) G J' + HjyCPi ) and 

hence £i(^3j) C J''. Finally, since 0j = + ^3,, we see that £i(fk) C X' as desired. 

□ 

In the following, let i : M PLe/ be tne inclusion and T*i: i* (0* ~ ) — ► 
f2l-j the induced bundle map. The generators of X (resp. J) lift to a set of 
generators for a differential ideal X C (,*fijlj ~ (resp. on A4. Only the 

lift Sj of 5j requires explanation. Suppose that to = ((Ujgj,aj)j^i) G A4. We 
write ai„ for a representative of a in (g^ Ti §^;)/(Qi f^)- Therefore, if to G A4, 
a iy = a + g-f^;. We set 

doLi V [T , ct^]. 

It is clear that T*t(Hj) = H,-. All other forms involved in the definitions of I 
and J - are restrictions of forms on Yliei ano - we wu ^ n0 ^ make any notational 
distinction between such a form and its restriction to Ai. 

Lemma 6.2. iei /i be the moment map for the action o/GL„(C) on Yii^i M(Pi,ri). 
Then, d\i C X. 

Proof. Let v be the global choice of one form. By construction, fJ,((Uigi,a.i)i£i) = 
~^2 ieI res(c^). Let X = Xj, so 5, — [x, a] is one of the generators of I. We have 

^Rcs^i/ A (Hi - [x,a]) = Res ^ A t„(T )) - Rcs 4 (^ A da iu ) - Res 4 (^ A [T° + x , a]) 
iei iei 

= 2jReSj(f A dai U ). 
iei 

Here, J2iei R- es i(^ A t„(T )) and Y^iei R- es i(^ A [T°, a]) vanish by the residue the- 
orem. Since ReSi(^ A on v ) = resi(aj), we see that d[i = J2iei ReSi(f A da^) lies in 
X. ' □ 

Let A4(A) =g" 1 (A4(A))andA'(A) = AOM(A). We also set N = Ui^iii 1 *)' 1 ( N i) c 
n 4G/ Mi and N(A) = JVfl M(A t )) . 

Proposition 6.3. The ideal J is a Pfaffian system. Moreover, the restriction map 

takinq J 1 C ft 1 —- to ft 1 —, , is surjective. 
a M jVf(A) J 
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Proof. This is a local statement, so we will work with the restriction of J to N. 
Fix a point m — (Uigi,aii)i£i £ N(A). We will first show that the restriction of 
J 1 to N(A) spans 0^ (A) . 

There are isomorphisms N = Yli(%/^r+l)reg xN i andiV(A) = n^eiC 71 * 1 ) -1 ^*)* 
Ni. Restricting J to AT (A), we see that all terms in 0i and Si involving Aj^ i 
vanish. In particular, T° and <&i vanish, so 6i becomes (dg^g^ 1 + ^A7(A)( Ui )' 
and Hi is simply da + ^ (A) (fl!fj)- Write Ad(ft)(a) = v £ (tt^i ) -1 (0j). Since 

e?a = Ad((7~ 1 )(dw— [((i^i)^" 1 , ?;]), it is easily checked that the coefficients of (dg^g' 1 
and da span T^(N(A)). 

On the other hand, a calculation using [2J Lemma 3.17] shows that dimT T * (iV(A)) = 
dimg[„(C)/u + dimg/^J r — dimt 1 /t r , and so the coefficients of the set of gener- 
ators for J in Proposition 16.11 give a basis for T* l (N(A)). Thus, J is a rank 
J2iei dim(At(Ai)) Pfaffian system. 

Lemma 16.21 shows that d/i £ J . Since the coefficients of dfi span the conormal 
bundle of M in Yl ieI M(Pi, r-j), we see that the pullback of J in Qt-, i.e., J, is 

a rank dim(M.(Ai))j — n 2 Pfaffian system. Moreover, the restriction map 

taking J 1 to ft]y( A ) induced by the map J 1 — > ^jv A ) i s still surjective. □ 

Lemma 6.4. Fix j £ /. The ideal J is generated by X and the coefficients of Xj- 

Proof. We know that X C J. By Corollary 15.101 K + Xj £ ^- However, by con- 
struction, k £ J\ it follows that Xj £ J ■ 

In order to prove the reverse inclusion, Proposition l5 . 7l shows that H, ; — [xj , a] £ I. 
By assumption, 0i + pj^Xj) £ I as well. It follows that Hi and 0i lie in the ideal 
generated by X and Xj . □ 



There is a natural restriction map ft 1 - -> (T g[ J v . We denote by F the induced 
map F : J 1 -> (T B ,) X 



Proposition 6.5. XTie map F zs surjective, and I 1 is the kernel of F. Moreover, 
I is a Pfaffian system. 

Proof. First, we prove surjectivity. For a point m £ M(A), the map F factors 
through restriction to T((JA(A)), since M(A) is GL n (C)-invariant. By Proposi- 
tion 16.31 the restriction map J 1 — > ^^ A ^ is a surjective bundle map. Since the 

map ^^ A -j — ^ T flI is surjective, it follows that F is surjective. 

By Proposition I5T21 1 1 C T^. We conclude that X C ker(F). Finally, since X 1 
and x? generate J 1 , the rank of I 1 must be at least rank(J" 1 ) — n 2 . The rank of 
the kernel of F is rank(J' 1 ) — n 2 , so I 1 = kei(F). Therefore, X has constant rank 
and is thus a Pfaffian system. □ 

We will now prove that X satisfies the Frobenius intcgrability condition. 
Lemma 6.6. Set x = Xj as above. Then, 

d(T° + x) + (T +x)A(T°+x) eX. 
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Proof. First, we will show that 

(6.3) d(T°) e -(T° + x) A (T° + x) + n 2 ~( 9l ) + X. 

By construction, T° £ Ad(g^ 1 (A'~ .)) + ftWgi). Therefore, 

d(T°) £ -[Ad(ft i)^.),^ 1 ^] +fi^(flO- 



On the other hand, by Proposition [5791 

(6.4) (T° + X )A(T° + x) G 

(Ad(g^)A'~. + g^d 9i ) A (Ad(g^)A'~. + g^dgi) + + 1. 

The right hand side is equivalent to [Ad^" 1 )^— ., g^ 1 dcji] + f^q.(0j) + 1. This 



proves (16.31) . 

It suffices to show that 

(6.5) (T° + x) A (T° + X ) = ?(((T° + X ) A (T° + X ) + ^(fli)W) + X A X , 

since the right hand side is equal to —d(T° + X ) (mod I) by the arguments above 
and Corollary 15.101 By Lemma \A. 101 (T° + x)\z =o = X- Moreover, 

((T° + X )A(T° + X )) | 20=0 = X A X . 

Another application of Lemma \A . 1 01 gives (|6.5[) . 

□ 

Lemma 6.7. 

d(ei-Ad( 5i )(x)) etifaM+i. 

Proof. Throughout, we will write T = T° + X . As in the beginning of Section [53| 
we write pi = g%g~ l ■ By Proposition l5.9[ we see that 

AdGfc)(T) G Adipr^A'^+p^dpi + (dg z )g^ +1. 

A sequence of calculations using the expression above and Lemma 16.61 produces 

d(Ad( ft )T) = [(d 9l )gr\ Ad(ft)(T)] + Ad{ 9i )d{T) 

G [(dffOsr'.Ad^CT)] - Ad( 52 ) (TAT)+I 

= [(d 5i ) 5 r\Ad(fti)(^~.) +p i - 1 dp 4 + (dft)^ 1 ] 

- (Ad(pri)(A^.) +pr 1 dp< + (dsOfc 1 ) A {Ad{p^){A'~J) + p^dp i + (d 9i )g^) +1 
= -dg t dg; 1 +dpr 1 dp l - \pr l dp u Ad(S>i x )A'^.)] +1 
= -dgdgi 1 + dp^dpi + d{Ad{p^)A'^.))+l. 

The last line is equivalent to d<£>i — dgidg^ 1 +1 (mod fij^-pp*)). Therefore, 

d($< + (dft-) ft - x - Ad(. 92 )(T° + x ) e n^(*pj) +X 
Applying fa to the equation above gives d(Oj — Ad(p,)( X )) £ fij~(uj) +X. 

□ 
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Proof of Theorem \5.1[ part (JTJ. As above, write T = T° + X- We have already 
shown that d(Qi — Ad(t/i)(x)) G ^^j( u «) + X. A standard, but tedious, calculation 
shows that 

dz 

d(E t - [ X ,a]) = TuidT + T A T) - [dT + T A T, a] + [Hi, T] + fiWflJ— ^ ), 

so by Lemma l6~6l d(Sj — [%, a]) 6l 

Finally, by Theorem l3.16l we may identify trivialized framed global deformations 
(g, F, V) on P 1 x A with analytic maps a : A — > A4(x, P, r). We will show that 
the conditions of Corollary 14.131 are equivalent to the vanishing of a*X. Suppose 
that cr*I = 0. By Corollary 15.101 d\ + X A x = 0. It follows that there exists an 
analytic solution g E GL„(i?) on A to the integrablc differential equation dg = g.%. 
In particular, % = g~ 1 dg. 

We observe that cr*X = {0} if and only if a*{Q l - Ad( 5i )(x)) = and a*Zi - 
[x, a] = for all i, and the vanishing of these forms is equivalent to conditions ([1]) 
and © of Corollarv l4~T31 Also, by Lemma EH a*X = {0} implies cr*(o?T + TAT) = 
0, which is equivalent to condition ([3]). 

□ 

Theorem 15.11 and Lemma 16.61 immediately show that the third conditions in 
Thcorcm l4.12l and Corollary 14. 131 are redundant. 

Theorem 6.8. Let (g, V, V) be a good framed deformation. The following state- 
ments are equivalent. 

(1) (g, V, V) is integrable. 

(2) (g, V, V) is GL n {R)-gauge-equivalent to a deformation satisfying the first 
two conditions of Theorem ^. 12\ 

(3) There exists g s GL„(i?) such that the first two conditions of Corollary 
are satisfied. 

Proof of Theorem I5.il part (j5J| . Since q*X = I, and I is a Pfafhan system by The- 
orem 15.11 one immediately sees that X is Pfafhan. Specifically, the rank of X at 
any point m 6 M is equal to the rank of X 1 at a point in q (m). 

In order to prove integrability, suppose that wGl'. Then, d(q*uj) = q*(dui) G X. 
It now suffices to work on a neighborhood W C M.. Choosing a local section 
a : W — >• g _1 (iy) of the principal GL„(C)-bundle, we see that a*I\ q -i( W ) = I\w- 
We deduce that du; = cr*q*(duj) g X\w 

Finally, suppose that / : A M.. Again, we choose a local section a : W — > 
q~ 1 {W) of a neighborhood W containing the image of A. By the first part of 
Theorem 15 - H / corresponds to a framed integrable deformation if and only if 
f*a*(X) = 0. However, this is equivalent to the statement that f*(X) = since 
a*(X)=X\ w . 

□ 

7. Example 

In this section, we give an explicit example of the system of equations constructed 
above. We will consider a space of rank n meromorphic connections on P 1 with m 
singularities of slope -. Let x be a set of m finite points, and set Pi = Ii and Ti = 1 
for all i. If z is the usual coordinate on P 1 , we write Zi — (z — £»). Accordingly, 
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vj% = mT, = N + ZiE G Cp|, where N is the regular nilpotent matrix in Jordan form 
and E is the elementary matrix E n \. Note that vj^ 1 = N' + —E', where N' and 
E' are the transposes of N and E respectively. 

We choose our one form to be v = dz, so r„ = d z = 4z. Choose a point 

(Uigi,ai)i<=i G M corresponding to a connection V, and write [V] = av. Thus, 
a G OLi V + 3} at each i and ^2 ieI HeSi(av) = 0. To simplify calculations, we assume 
that the normalized formal type of V at & has the representative j-(—^-w~ 1 +Ht) 
under the pairing 

We write A Ui = wr 1 da l and Ad( 3t )(a) = £(-f* ^r 1 - ±(D t + X t ) + H T ) + Q l 
for some traceless diagonal matrix £)$ and X; g u,. We let ft denote the residue 
term of av at Xj. Explicitly, ft = ^(z^a) = Ad(<7 _1 )(— jr(iV + Dj + Xi) + Ht)- 

Proposition 7.1. TTie isomonodromy equations for the system above are 
(7.1a) 



dgi 



(7.1b) 



E 



E 



1 



6 "6 



■Adigig^XE'daj 



N'da, + D 



da* 



Ui,gi 



G (uAfllJC)) GL n (C) and 



([Adig-^E', Qi ]d aj + [Ad^E', ft]da, 



:[Ad{g^)E' .Adig^E'^a,) 



Remark 7.2. In this system of partial differential equations, the independent vari- 
ables are the dj's, which are essentially the formal types, while the dependent vari- 
ables are the framings ft and the residues ft of av (which can be written explicitly 
in terms of ft, Di, and Xi). 



Proof. First, observe that by definition, 



4\ 



da. 



Therefore, 



and 



T°=Y J ^{9T 1 ){h l E'da i ), 



«(T°) = E 



We conclude that equation (TTJ) from Theorem 14. 121 is equivalent to (17. lap . 

Now, we consider equation © of Theorem 14.121 At £j, applying Ad (ft) to the 
principal part of the curvature gives us 

(7.2) - zr 2 E'da % G 

- —(w^dai + dD, + dXi) + [Ad(ft)(T°) - (dft)ft- 1 , Ad(ft)(a)] + 
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First, we calculate [z~ 1 E', Ad(gi)(a)] + ft. Observe that {z~ 1 E', Ad(gi)(a)dz] is a 
one form on with poles along x. Thus, 

(7.3) [zf 1 E',Ad(g i )(a)dz] £ ( — — [zr 1 E' 1 N'a l + D l +X l -nH T ] + -Y)dz+Q l dz, 

TIZi Z% 

where Y is the residue term. By the residue theorem, Y+^2j Gl TLeSj({z~ 1 E' , Ad(gi)(a)dz]) — 
0. We conclude that 

, dz . 



I dz 
Y = - E Res j(K r1 ^'' Ad^r 1 )^ 1 ^- + Dj + Xj - nH T )} — ) 

II Zj 



- E J-^T l E '> Adig^iN'a, + D j + X, - nH T )] - 1 [E', Ad{ 9l g- l )E 



By Proposition 14 . 2 1 we see that 

(7.4) - z^E'da, = — — (m^dai) + — [wr l da u H T }. 

TIZi Zi 

Comparing (I7.2[) . (|7.3I) . and (I7.4[) . we obtain the condition 

(7.5) - — (d{Di + X t ) + [z^E'dat, N'a, + D t + X l - nH T }) + 

mi 

-Ydai + [Ad(g t ) (T )- z r 1 E'da i - {d 9l )g-\ Ad{ 9i ) (a)]- - \wT 1 da, , H T ] G tt A (ft ) . 
Now, by (j77Tajl . 

(7.6) [Ad( ffj )T° - ^r^'rfai - (dg^g^^^E'ai] 6 

( A-d(s-j ) T°) - (dg^g^ 1 , z^E'ai] — ]T - 1 [Ad ( gi gT *)(£'), ff'Ma.+^ft 1 ) 

= [JV'doi+A— ,^'0*1- E ^ . [Ad^gT 1 )^), g>^a j+ Oi( fl ^). 
On the other hand, 

(7.7) [Ad( ffi )T° - zT x E'da u N'a t + A + X, - nif r ] G 

[&(Ad(ft)T°), N'a z +Di+Xi- nH T ] + ^(gj) 

= [ E ^~T" Mgig^XE'daj), N'a, + A + A, - nif T ] + fikfoj). 

J6AW 4j 4j 

Finally, 

(7.8) [zr l E'dai,H T ] - [ti^dai, H T ] = [-N'dca, H T \. 
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We substitute ([71)]> . ([777)1 . and ([778]) into ([73)1 : 

d(Di + X,) - [(dflOfli -1 , JV'o< + A + *i - nH T ] = [-N'da u nH T ]- 



— — T-^tfai, Adfag^XA^+^+^-nffr)]- _ [A, M{g i gJ 1 )E'\ajda i 

Si Si It , Si J 



V " 1 rlAdO/iffr 1 )^),^']^ 



_ [Ad(g i g7 1 )(E'd ai ), W'aj + £ t + X t - nH T ] (mod ^(fl, 1 )). 



Since [iVdaj, -Hr] = —N'dai, applying Ad(g i 1 ) and dividing both sides by — n 
shows that this equation is equivalent to (|7.1bp . □ 
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